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PREFACE 

This volume is intended for the use of pupils who have 
done a year's work in High School Algebra. The first three 
chapters are a review and extension of the principal topics of 
the first year's work as presented in the authors' "A High 
School Algebra, Part One." The fourth chapter, that on loga- 
rithms, is, in its theory, merely an application of the subject 
of exponents. The remainder of the volume treats all of the 
topics covered in any standard second course in algebra, sup- 
plemented by problems applying algebra to geometry. 

Each important process of algebra is immediately applied 
to the solving of equations. This plan serves not only to 
secure the pupil's interest, but reveals to him the utility of 
algebra. 

Great pains have been taken to supply ample practice work, 
and the authors have given, under the more important topics, 
a greater number of exercises than will be required by any 
one class. In fact, there have been included as many exer- 
cises and problems as a text-book of reasonable size will admit. 

Particular attention has been given to the grading of the 
exercises and problems, and, for convenience in checking the 
results, the exercises have been so constructed that the an- 
swers are not more complex than the purpose of the exercises 
a6tually requires. The authors have followed the criterion 
that every principle should be exemplified with the minimum 
of calculation. 

Among the features that contribute to the teachableness of 
the book are the Historical Notes. These brief sketches, 
describing the origin of some of the more important topics 
of algebra, tend to stimulate the pupil's interest, and the 
accompanying biographical notes and portraits of famous 
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mathematicians serve further to humanize the subject. No 
attempt has been made to give a connected account of the 
development of algebra even in outline ; these notes will serve 
their purpose if they create a desire to read some standard 
work on the history of mathematics. 

Other aids which teachers will appreciate are the induc- 
tive developments, the cross references, illustrative problems, 
methods of testing results, topical and logical arrangement, 
definite classification, the frequent reviews, and the summa- 
ries of the theoretic chapters. 

The authors wish to express their gratitude for the assist- 
ance rendered by those who read the manuscript a|id the 
proof sheets. For valuable constructive suggestions in pre- 
paring the manuscript, they are indebted to Mr. Allen H. 
Knapp, of the Central High School, Springfield, Mass., and 
Mr. Julius J. H. Hayn, of the Masten Park High School, 
Buffalo, N. Y. ; while for efficient aid in reading the proofs, 
they owe much to Mr. Matthew R. McCann, of the English 
High School, Worcester, Mass., and Mr. William H. Went- 
worth, of the Northwestern High School, Detroit, Mich. For 
the portraits of famous mathematicians reproduced in this 
volume, they are indebted to the generosity of Professor 
David Eugene Smith, of Teachers College, Columbia Univer- 
sity, New York City, who placed at their disposal his unique 
collection. 

THE AUTHORS. 
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A HIGH SCHOOL ALGEBRA 

PART TWO 

CHAPTER I 

KEVIEW AND EXTENSION OF PROCESSES 
POSITIVE AND NEGATIVE NUMBERS 

1. Algebra is concerned with the study of numbers. The 
number of objects in any set (for example, the number of 
books on a shelf) is found by counting. Such numbers are 
called whole numbers or integers ; also primitive or absolute 
numbers. 

In arithmetic, numbers are usually represented by means of 
the numerals, 0, 1, 2, 3 ... 9, according to a system known as 
the decimal notation. In algebra, numbers are represented by 
numerals and also by letters, either singly or in combinations. 

2. Graphical Representation. The natural integers may 
be represented by equidistant points of a straight line, thus : 



3. Addition. If two sets of objects are united into a 
single set (for example, the books on two shelves placed on a 
single shelf), the number of objects in the single set is called 
the sum of the numbers of objects in the two original sets. 
The process of finding the sum is called addition. 

The sign, +, between two number symbols indicates that 
the numbers are to be added. In the simplest instances the 
sum is found by counting. 

Thus, to find 6 + 7, we first count 5, and then count 7 more of the 
number words next following (six, seven, eight, etc.). The number 
word with which we end (twelve) names the sum. 

1 
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4. Graphical Representation. The sum of two integers 
may be represented graphically thus : 




a + 6 



€ 



i^^iV. 



"V" 

a 



-V" 

6 



3 



Theoretically, the sum of two integers can in every instance be foand 
by counting. But it is not necessary or desirable to do so when either 
(or both) of the numbers is larger than nine. In this case, the properties 
of the decimal notation, as learned in arithmetic, enable us to abridge 
the process of counting. 

5. Commutatiye Law of Addition. If two sets of objects 
are to be united into a single set, the number of objects in the 
result is obviously the same whether the objects of the second 
set are united with those of the first, or those of the first united 
with those of the second. 

For example, the number of books is the same whether those on the 
first shelf be placed on the second, or those on the second be placed on 
the first. 

In symbols : a + 1 = 1 + a. 

This fact is called the commutative law of addition. 

The letters a and b are here used to stand for integers, but the law will 
apply when they stand for any algebraic numbers. 

6. Graphical Representation. The commutative law may 
be represented graphically thus : 

a + 6 




7. Addition of Two or More Whole Numbers. If more 
than two sets of objects are united into a single set, the number 
of objects in the resulting set is called the sum of the number 
of objects in the original sets, and the process of finding the 
sum is called addition. As in the case of two numbers, the sum 
of three or more numbers may be found by counting in the 
simplest instances, and for larger numbers, the process may be 
abridged by use of the properties of the decimal notation. 
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8. The commutative law likewise applies to the sum of 
three or more integers. That is : 

The sum is the same for every order of adding the numbers. 

9. Associative Law of Addition. If we have three rows of 
books, the number of books is the same whether those in the 
second row are first placed with the first row, and then, those in 
the third row placed with these, or those in the third row placed 
with the second, and then all of these with the first row. 

In symbols : (a -|- 6) + c = a -h (6 -h c). 

This fact is called the associative law of addition. 

10. Graphical Representation. The associative law may be 
represented graphically thus : 





a 
a 


+ 


6 -H « 








—I * 




c 


^ 


( — 


V 




A 


I K J 






a -f 6 


+ 


V 







The properties stated above are often used to abridge calculations. 
Thus, 7+4 + 3 + 6, are more easily added thus: (7 + 3) + (4 + 6). 

ORAL EXERCISES 
Add in the easiest way : 

1. 8+-3 + 2 + 7. 8. 48a?-|-73a? + 2aj + 7a?. 

2. 91+-43+-9. 9. 19y+.54y + 6y+-y. 

3. 87-I-26+-13. 10. 736 + 1866 + 146. 

4. 13 a + 5 a + 17 a + 6a. 11. 279< + 347< + 21 «. 

5. 7a? + 12aj + 3aj + 18a?. 12. 624p + 46p+ 6p + 5p. 

6. 8y + 10y + 7y + 5y. 13. 93< + 9« + 7« + f. 

7. 23a + 6a + 2a+4a. 14. 144m + 7m + 6m + 3m. 

WRITTEN EXERCISES 
Show graphically that: 

1. ll+4 + 6=:ll + (4 + 6). 3. 8 + 5 = 6+8. 

2. 3+(4 + l)=:l + 3 + 4. 4. 4a + 66 = 66 + 4a. 
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11. Subtraction. It often happens that we wish to know 
how many objects are left when some of a set are taken awaj^ 
or to know how much greater one number is than another. 
The process of finding this number is called subtraction. The 
number taken away is called the subtrahend, that from which 
it is taken, the minuend, and the result, the difference or the 
remainder. 

12. The sign of subtraction is — . 

13. Subtraction is the reverse of addition, and from every 
sum one or more differences can at once be read. 

Thus, from 5 + 7 = 12 we read at once 12 — 5 = 7, 

12 - 7 = 6. 
And from 5 + 5 = 10, we read 10 — 5 = 5. 
And from a + 6 = c, we read c — a = 6, 

c — & = a. 
Likewise, from a + 6 + c = dwe read d — a = 6 4- c» 

d — (a + ft) = c, etc. 

14. There is no commutative law of subtraction. For 7 — 4 
is not the same as 4 — 7. In fact, the latter indicated differ- 
ence has no meaning in arithmetic. We cannot take a larger 
number of objects from a smaller number. 

15. In algebra, where numbers are often represented by 
letters, we may not know whether the minuend is larger than 
the subtrahend or not. For example, in a — 6, we do not 
know whether a is larger than b or not. But it is desirable 
that such expressions should have* a meaning in all cases, and 
this is accomplished by the definition and use of relative 
numbers. 

16. The First Extension of the Number System. Relative 
Ntunbers. Whenever quantities may be measured in one of 
two opposite senses such that a unit in one sense offsets a unit 
in the other sense, it is customary to call one of the senses the 
positive sense, and the other the negative sense, and numbers 
measuring changes in these senses are called positive and 
negative numbers respectively. (Examples, see Chap. IV, Pt. I.) 
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17. A number to be added is offset by an equal number to be 
subtracted ; hence such numbers satisfy the above definition, 
and numbers to be added are called positive, and those to be 
subtracted are called negative. Consequently, positive and 
negative numbers are denoted by the signs -f- and — 
respectively. 

Thus, + 6 means positive five, and denotes five units to be added or to 
be taken in the positive sense. 

— 5 means negative five, and denotes five units to be subtracted, or to 
be taken in the negative sense. 

18. Graphical Representation. Relative integers may be 
represented graphically thus : 

' ■ I I I I I I t ' t I I I I I ' 

-6 -4 -3 -2 -I +1 +2 +3 +4 +6 

It appears that the positive integers are represented by just the same 
set of points as the natural or absolute integers. For this and other 
reasons the absolute numbers are usually identified with positive numbers. 
Although it is usually convenient to do this, we have in fact the three 
classes of numbers : the absolute, the positive, and the negative. Thus, 
we may consider $ 5 without reference to its relation to an account, or we 
can consider it as $ 5 of assets, or we may consider it as $ 6 of debts. 

19. According to Sec. 17, the signs +, — denote the oper- 
ations of addition or subtraction, or the positive or negative 
character of the numbers which these signs precede. 

If it 18 necessary to distinguish a sign of character from a 
sign of operation, the former is put into a parenthesis vdth the 
number it affects. 

Thus, + 8 — (— 3), means : positive 8 minus negative 3. 

When no sign of character is expressed, the sign plus is un- 
derstood. 

Thus, 5 — 3 means : positive 5 minus positive 3. 
Similarly, 8 a + 9 a means : positive 8 a plus positive 9 a. 

20. Absolute Value. The value of a relative number apart 
from its sign is called its absolute value. 
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ORAL EXERCISES 

Bead the following in full, according to Sec. 19 : 

1. 6-4. 9. 12 -(-5). 17. 7-9. 

2. -6-8. 10. -12-(-|-5). 18. 7+9. 

3. -8 + 20. 11. -7 -(-9). 19. -7 +(-9). 

4. 2a + 3a. 12. 2a-(+3a). 20. 2y— (-3y). 

6. 26-36. 13. c + d. 21. -2a?-(-3aj). 

6. — 2a-3a. 14. c—d. 22. — 2aj+(— 3a?). 

7. 2y+(+3y). 15. m+(-n). 23. -26-(-6c). 

8. 3^-(-2^). 16. 4a?+(-2a;). 24. 3a-(+5y). 

WRITTEN EXERCISES 

Indicate, using the signs +> — : 

1. The sum of positive 5 and positive 3. 

2. The sum of positive a and negative b. 

3. The difference of positive p and positive g. 

4. The difference of negative 5 and positive 3. 
6. The difference of negative x and positive y. 

6. The sum of positive a and positive b, 

7. The sum of negative a& and negative ab. 

8. The sum of positive y and negative x, 

9. The difference of positive icy and negative osy. 
10. The difference of negative pq and positive mn. 

21. Addition of Relative Numbers. 

Just as 3 pounds + 5 pounds = 8 pounds, 

so 3 positive units + 5 positive units = 8 positive units, 

and 3 negative units + 5 negative units = 8 negative units. 

To add units of opposite character, use is made of the de- 
fining property of relative numbers, that a unit in one sense 
offsets a unit in the other sense. Thus, to add 3 positive units 
and 7 negative units we notice that the 3 positive units offset 



REAaEW AND EXTENSION OF PROCESSES 7 

3 of the negative units and the result of adding the two will 
be 4 negative units. 

Thatis, ( + 3) + (-7) = (-h3)+(-3) + (-4) = -4. 

In general : 

I. If two relative numbers have the same sign, the absolute 
valvs of the sum is the sum of the absolute values of the addends j 
and the sign of the sum is the common sign of the addends. 

II. If two relative numbers have opposite signs, the absolvte 
value of the sum is the difference of the absolute values of the 
addends, and the sign of the sum is the sign of the addend having 
the larger absolute value, 

22. More than two numbers are added by repetition of the 
process just described. This may be done either : 

(1) by adding the second number to the first; then the third 
number to the result, and so on; or 

(2) by adding separately all the positive numbers and aU the 
negative numbers,^ and then adding these two results. 

23. It may be verified that the Commutative and the Asso- 
ciative Laws of Addition hold also for relative integers. 

24. Subtraction of Relative Numbers. Since n units of one 
sense are offset by adding n units of the opposite sense, we 
may subtract n miits of one sense by adding n units of the 
opposite sense. 

Thus, 7-( + 3)=7+(-8). 

And, 7-(-3;=7+(+3). 

And, 4-( + 7)=:4+(-7). 

25. Accordingly, subtraction may be regarded as the inverse 
of addition : To subtract a monomial, we add its opposite. 

To subtract an algebraic expression consisting of more than 
one term, we subtract the terms one after another. 

In general, to subtract any algebraic expression we may change 
the ^i^n p/each of its terms and add the result to the minuend. 
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ORAL EXERCISES 

State the sums : 

1. 6 + (-3). 4. -122-f (-182). 

2. — 6a-f-(— 7a). 6. 11 a; + ( — 2 a?) + ( — 6 a?). 

3. -lly + 3y. 6. -3^-f-7g+(-6g). 

7. How may the correctness of a result in subtraction be 
tested ? State "the differences : 

8. 11-6. 10. -lla-(-6a). 12. -31y-(— 3 ig^). 

9. -11-6. 11. 31a? -(+5 a?). 13. 17i>-(-17i>). 

14. How may a parenthesis preceded by the sign -|- be re- 
moved without changing the value of the expression? One 
preceded by the sign — ? 

15. How may terms be introduced in a parenthesis preceded 
by the sign -f without changing the value of the expression ? 
In a parenthesis preceded by the sign — ? 

WRITTEN EXERCISES 
Add: 

1. 2a-f6 6. c-ft« — 5 11. 4aj — 22 + y 

a-|-4 c->-d-^5 2x— y + z 



2. 3 a + 8 
a-4 




7. a?-h2( + 2« 
a; — yH-42 


12. l-fm»+p» 
1 — m' — p* 


3. 6 6+ c 
36-2c 




8. p + g— m 
p— q-\-2m 


13. aa?-f-6y + (»* 


4. -3a+ b 
2a-Sb 


9. 2 a?— y4- z 

2a?-h2.v-42 


14. 1.5a;4-3.5y+ z 
.5a?+6.5y— .12 


5. 4 a — 5 
3a + 7 




10. a;x-\-by-\-c 
aa?-f y — c 


16- i»+|y-i« 


Subtract : 






16. 4a + 6 
2a-9 




17. 8a;-f3 
-3a;-|-2 


18. lla?-4y 
19 a? 
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19. 12« 22. 16y4--2 25. -llm + 40p 
-6< + 3 8y~10g -40m-12p 

20. 7x + Sy 23. 10a^-16y« 26. x-Ty-^-Bz 
2y — 4aj 20 a^ 4- 4y' --a;-h4y--6g 

21. 4a + 36 24. 41iB»-16.y» 27. p+ q- m 
2c-5a 15ag'-20y» 6j>-2g4-4m 

28. aiB*4-&^4-c 31. 2.6a + 6.3 6— .Ic 
aa^ — by^ — c 1.6a — 3.65 — .9c 

■ ■ - I ™^^^^^^^— — ^^M ^^"""""^^"^ ' Bill ^_^— ^^n^^MM a 

29. m* + 2p«-6g« 32. |aj-|y + |« 
— m' — 4jj>-h6g' f a? — jy + ^g 

30. 40aj*-10y'4- «' 33. ah: + bhf + c^* 
60 0?^ + 40 y» — 7 g» a«a? + 6y» + cg« 

Bemove parentheses and unite terms as much as possible : 
84. 3a-26+(36 — 7a). 
86. 4m + 6-(63-3^). 

36. (llaj + 6y)— (-3aj + 22). 

37. 7 -[2 -(3 -6)]. 

38. (4a + 2a)-[(7a-6a)+(-6a-17a)]. 

39. 3 + }6a?-2-(7a?-l-2 + 3a;)}. 

40. 4a? + {2»-[3-(7aj + 6)-l4-a?]{. 

41. a5-{2a5 + c-[3c-(6-a&)]{. 

42. 12xy-'\2xy — 6z-\-[4xy-'(2z + xy)']]. 

43. ^(5pq^3xy + l)-\-2pq ^Sxy-(xy + 2)]. 

44. — {4 a6c-(2 ac4- 6c){ -h {6a6c + (2 ac- 6c)}. 

Write the expressions of Exercises 46-66, as x minus a paren- 
thesis. Also group the terms involving x and y in each expres- 
sion in a parenthesis preceded by the sign — . 

46. 3a + a;4-2y. 48. 2m4-p4-«--y. 

46. — 6y + 7c — 8 + a?. 49. a + x—b-i-cy. 

47. 6^« + 4y + aJ-3. 50. p + x — y + by. 

2 
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61. 05 — 36-|-2y — c. 64. 2j) — 9 + aj — y. 

62. 3 6 -h a? + ay 4- 6y. 55. ay -h a? — » + ^y» 

63. 6y4-m — n + oj. 66. c + d + a?— (a + 6)y. 

26. Multiplication. To multiply two absolute integers 
means to use the one (called the multiplicand) as addend as 
many times as there are units in the other (called the 
multiplier). The result is called the product. 

Thus, 3 times 4 means 4 + 4 + 4. 

The simpler products are obtained by actually making the additions that 
are implied. For large numbers, as we have seen in arithmetic, the pro- 
cess may be much abridged by use of properties of the decimal notation. 

27. Commutatiye Law of Multiplication. The expression 3 
times 5 meaus 5 + 5 +- 5, and may be indicated as follows : 

% m % % % That is, since each horizonal line (or row) 

contains 5 dots, there are all together 3 times 
6 dots. But each vertical line (or column) 

• • • • • contains 3 dots and there are 5 columns. 

Hence there are 5 times 3 dots all together. But the number of 

dots is the same whether we 

count them by rows or by col- 
umns, hence 6 times 3 equals 

S times 5. Quite similarly, if 

we have a rows of dots with b 

dots in each row, it follows that 

a times h equals h times a. 



b 



a< 



t t f t T- 
! ! ! I ! 
^444 4 -4 



The result may be stated in symbols thus : 

db^ha. 

This fact, called the Commutative Law of Multiplication, 
means that the product is not altered if multiplier and multi- 
plicand are interchanged. Consequently, these names are fre- 
quently replaced by the name factor applied to each of the 
numbers multiplied. 
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28. Let each dot of the block of dots of (A) above have the 
value of 6. Since there are 3x5 dots, the value of the block 
would be (3 X 5) X 6. 

A second expression for the value of the block is obtained 
by finding the value of the first row (viz. 5x6) and multiply- 
ing it by the number of rows, or 3. The expression resulting 
must be equal to that already found, or : 

3x(5x6) = (3x5)x6. 

Similarly, if each dot of the block (B) above has the value 
Cf it follows that 

a(6c) = ((ib)c 

That is : The product of three absolute integers is not altered 
if they be grouped for multiplication in any way possible without 
changing the order. This is a case of what is known as the 
Associative Law of Multiplication for absoltUe integers. 

29. By similar methods and use of these results it can be 
proved that both the Commutative Law and the Associative 
Law apply to aU products of absolute integers. That is : 

Commutative Law. The product of any number of given factors 
is not changed f if the order of the favors be changed in any way. 

Assoqiative Law. The product of any number of given factors in 
a given order is not changed if the factors be grouped in any way. 

The Distributive Law. From the block of dots we see that 




. . . . * • • •^" 

^ T ? ? — ? T T I T~ 

III I s 

li 4 4. -4 i 4 4 4--. 

c(a+b) = ca + cb. 

This is called the Distributive Law of Multiplication, and the 
above proof covers the case in which a, b, and c are absolute 
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30. Multiplication of Relatiye Integers. To multiply by a 
positive integer means to take the multiplicand as addend as 
many times as there are units in the multiplier, and to multi- 
ply by a negative integer means to take the multiplicand as 
subtrahend as many times as there are units in the multiplier. 

Consequently, 

4. 3 = 3 + 3+3 4-3 = 12. 

4(-3)=-3 + (-3) + (-3) + (-3)=-12. 
(-4)3=:-.3-3-3_3=-12. 

(-4)(-3) = -(-3)-(-3)-(-3)-(-3) = 12. 

So, generally, 

(+a)(+6)==+a6, 
(+a)(-6) = -a6, 
(-a)(+6) = -a6, 
(-a)(-?i)=+a6. 

31. In words : TTie product of two {integraT) factors of like 
signs is positive, atid of two factors of ujilike signs is negative; 
in each ca^e the absolute value of the product is the product of the 
absoltUe wdues of the factor, 

32. We observe that the Commutative Law holds in this 
case also. 

For example : (— &)a=:a(— 6). Since ha =abj by the Commatative 
Law for absolute integers, and by Sec. SO, (— &)a = — &a = — a& = 
a(-6). 

It may be shown that the Associative and the Distributive 
Laws also hold. 

ORAL EXERCISES 

State the laws that are applied in the various steps of the 
f ollowiug calculations : 

1. 2.8.3.6 = 2.6.8.3=10.24 = 240. 

2. 6(17 . 2 - 6 c) = 6(17 . 2) --5(6 c) = {5' 2)17 - (6 • 6)c 

= 10.17-30c = 170-30c. 

3. 7b(5x + ab) = {7b)(5x) + {7b){ab)=^3Bbx + 7aV. 
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4. (a+6)(c-hc?) = a(c + (f) + 6(c + d) = ac + a(I + 6c + 6cL 



State the products : 

6. ax 
5b 



8. a^b 



a^c 



11. 60^3^ 



6. -2a 


9. 


6a?» 






12. -4a*« 


-3a» 




2a5« 






-36«« 


7. 8x 


10. 


-«*y 






13. -6ajy 


— 4a?y 




— «3/* 






6aj«s/» 


14. (a + 6)». 






22. 


{x^ 


.l)(x + l). 


15. {a — cy. 






23. 


(1- 


■y)(i+y). 


16. {x-^yy. 






24. 


{m + 2 xy. 


17. (x-ay. 






26. 


(3- 


-2d)(3 + 2cO. 


18. {x-2yy. 






26. 


(4- 


.»)«. 


19. (a? + y)(a?-y). 






27. 


-3 


aj(a? + 2). 


20. (2»-l)*. 






28. 


(1" 


-2d){l+2d). 


21. (2m + ny. 






29. 


a^' 


-iy)(i^+iy)^ 


WRITTEN EXERCISES 




Multiply and test : 












1. 2a-h3 


3. 


fl; + 2 






6. 3/»-3y + 4 


2a4-4 




aj-3 






y-2 


2. 3a-2& 


4. 


aj2-3 


x + 1 


6. p-St + fi 


2a-3& 




x-2 






P'-2t 



7. (3aj-4y)« 14. 

8. (5y-70(8y + 20. 16. 

9. {6 a + 13 qy, 16. 

10. (1 + a?) (2 + «)(!-«). 17. 

11. (l-2yy. 18. 

12. (6 -3) (ft + 7) (6 --3). 19. 

13. («* + y) («• - y"). 20. 



(a* - 6- -1)». 
(4a? — 3ajy)(2aj + 23/»). 
(oa? + 6y) (ca? + dy). 
(oo* — &y)(ca5 — d^. 
(m 4- n H- jp)(m + w —p). 
(a-fft + c — c?)*. 
(a-26)(a-2 6)(a-26). 



14 
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33. Detached Coefficients. — When two polynomials can 
be arranged in descending powers of the same letter, the work 
of multiplication may often be shortened by using the coefficients 
only. This is called multiplication by detached coefficients. 



Thus, to multiply 8 a:" - 

Work in Full 
8a;9-2x + l 
x-1 


-2x 

1 
1 


+ 1 by x-1 

WOSK 1 


* 
• 

rrru CosFricizim Only Tut 
8-2+1 x=l 
1-1 
8-2+1 
-8+2-1 


3x^-2x2+ X 
- 3 x2 + 2 X - 


8x»-6x» + 8x- 


3_5+3-l 



2 








The processes in the two cases are identical with the exception of the 
omission of the letters in the second case. The product of 3 x^ and x, the 
first terms of the factors, show that the first term of the product is 3 sc^, 
the next term must contain x^ and the next x, because the terms in the 
result must be in order of degree. Thus we may perform the operation 
with coefficients, and then supply the proper letters and exponents. 

When some powers of the letters are missing, zeros must be 
supplied as coefficients of the missing powers in order to keep 
a record of the places in which the powers are missing. 



Thus, to multiply 2x»— 7x + 3by2x — 6, write 
2x»— 7x + 3afl2x« + 0x2 — 7x + 3, 
and perform the multiplication as 2 + — 7 + 
shown at the right. 2—5 



4+ 0-14 + 6 
-10- + 35-16 



Tb8T 

-2 
-3 



4-10-14 + 41-15 +6 
• •. (2x-5)(2x«-7x + 3)=4x*-10x»-14xa + 41x -16. 



WRITTEN EXERCISES 

Multiply by detached coefficients and test: 

1. m^n 3. a2 + 2a+-l 6. f-y*+5 

2 m - 3 n a + 1 '2y±S^ 



2. a^-5x + S 4. aj*-3a:»+.5 
a?~l a? +-2 

7. aj2-aj-6by 2iB*-.4a;-16. 

8. a»-a-12by 3a«-15a+-18. 



6. aj* + 2»* + 7ai 
2aj-l 
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10. m' — m* — m + 1 by 2 m — 1. 

11. 1 — a? — jc'by 2 + 3^* — aj* + 2x. 

12. a^'{'Xy-\-y^hy a^+y* — xy. 

13. aj^ — 4a^4-4by 1 — aj«+a;«« — 2iB»». 

34. Division. Division is the process of finding a number 
called the quotient, such that when multiplied by a given num- 
ber, called the divisor, the product is a given number, called 
the dividend. 

35. The fundamental relation of division is : 

Divisor times Quotient equals Dividend. 

From this it follows at once that if dividend and divisor 
have the same sign, the quotient is positive, and if they have 
unlike signs, the quotient is negative. 

36. In dividing polynomials, it is best to arrange both divi- 
dend and divisor in the order of the powers of the same letter. 

Thus, (x»-3x« + 3x-l) + (x-1). 

instead of ^Sx-Sx^ + vfl- 1) + (x- 1). 

WRITTEN EXERCISES 
Pivide : 

1. a^ + a^ — x — lhjx + l. 4. oc^ — y^ hj of — ^, 

2. ic* — Ibya? — 1. 6. «• — Ibyjc*— 1. 

3. f — s^hj y^ + yz + z\ 6. p^+^hjp + q. 

7. m'-hm'4-m + l by m-f-1. 

8. x^— px — qx-{-pq hy X— p. 

9. 4iB*-hlby 2aj*-2a?+l. 

10. »*-2a?y — 3y«by ic-3y. 

11. 6a»-10a2-f 13a-6by 3a-2. 

12. 6m*-2m«-8m'4-4:m-8by 3m'-m + 2. 

13. aj^-fa*-6by oj*— 2. 

14. (x^ + ia^y + 6a>^y^ + 4:Xf'y^ + y*hj aP^ + 2xi'y + y^. 



16 
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37. Detached Coefficients. When both divisor and divi- 
dend involve a regular series of powers of the same letters, it 
is easier to divide with coefficients only. 

Thus, to divide a* -4x2 + 4a;— 1 byx — 1. 



WoBK IV Full 
a;« — 3 a; -f 1 
X — l>a5* — 4a;^ + 4x — 1 
x» — «" 



-3x2 

— 3x2 + 3x 



WoKK WITH Gosmonim Ovlt 

1 — 8 + 1 or x» -3x4-1 
1« 1)1-4 + 4-1 
1-1 
-3 
-3+8 



x-1 1-1 

x-1 1-1 

Test. Letting x = 2, 

(2 - 1) (4 - 6 + 1 )= 8 - 16 + 8 - 1. 

-1=-1. 

38. If the series of powers is not complete, zero coefficients 
must be used. 

Thus, x* + 3 a;> + 1 must be regarded asx^ + Sx^ + Ox+l, and the 
coefficients 1 + 3 + + 1 must be used in tlie division. 



WRITTEN EXERCISES 

Divide by detached coefficients and test : 



1. 



o-l 



2. 



a»-l 



3. 



8aj»+-l 



a«+-a+-l " 2a?+l 

4. (a^+-5aj + 6)-f.(aj + 2). 
6. (a«-2«-3)-«-(a?-3). 

6. (10+- a?* -7 a?)-*- (a?- 2). 

7. (»*-l)^(a^-l). 

8. (a? + 3a^+-3a? + l)-t-(» + l). 

9. (2/»-3y2+.3|^-l)-(y-l). 

10. (6a?-f l^-9aJ2)-^(3aJ-hl). 

11. (a* + a»+.l)^-(a«-a+-l). 

m*+-4m» + 6m'-f4m-+l ^ 
m*+-2m + l 



12. 
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39. Special Quotients. The general form of quotients 
represented by the type (a?" ± y")-i-(a? ± y) may readily be seen 
by division. 

Thus, coiuddeiiDg (x* + y*) -4- (oj + y), we have 



% + y)x* + y* 

— x"-iy 

n-2,.2 



+ X--V + - 

By inspection, what do you think the fourth term of the quotient will 
oe ? The fifth ? Verify your opinion by continuing the above division. 

WRITTEN EXERCISES 

Find the quotient and remainder if any : 

1. (aj5«i)^(a.«i). 6. (aj4_y«)^(a. + y). ^ a-r^yT 

2. (a^ + l)-!-(a; — 1). 6. (a?* — y*)-t-(a? — y). ' « — y* 

3. (ic5 + l)-.(a?4-l). 7. (aj* + 2/»)-5-(a;4-y). ^^ t±yL. 

11. ?lzJ^. 12. t±t. 13. 5!zii^. 14. '^±^. 

x — y x^y x + y x-^y 

15. Substitute 5 for n in the first five terms of the above 
division, and compare with the result of Exercise 7. 

16. Substitute 6 for n similarly in the first six terms, and 
compare with the result of Exercise 14. 

17. Use n = 7 in the first 7 terms ; compare with Exercise 8. 

18. Take n = 5 and y = l, and compare with Exercise 3. 

19. Divide a?* -|- y* by a; — y to seven terms. Let « = 6 and 
compare with the result in Exercise 12. Let n = 7 and com- 
pare with the result in Exercise 10. 

20. Divide aj» — y* by x-\-y to six terms. Let n = 6 and 
compare with the result of Exercise 13. 

21. Divide a;* — y* by x — y to six terms. Let n = 6 and 
compare with the result of Exercise 11. 



18 A HIGH SCHOOL ALGEBRA 

ZERO AND ITS RELATION TO THE PROCESSES 

40. Definition of Zero. Zero may be defined as the result 
of subtracting a number from itself. 

a — a = 0. 

41 . Addition. By definition of zero, a + = a4-&— & = «, 

since to add b and immediately take it away leaves the original 

number a. 

a + = a. 

42. Subtraction. Similarly, a — = a —(6 — 6)= a — 6 + 

h = a, since to take away b and then replace it leaves the 

original number a. 

— = 0. 

To add or subtrcuct zero does not aUer the original nunJber. 

43. Multiplication. By definition of zero, 

• a = (6 — b)a = 6a — 6a = 0. 
Or, • a = 0. 

That is, if one factor is zero, the product is zero. 
Midtiplication by zero simply causes the muUipticand to Danish. 

It follows directly that - = 0. 

44. Division. According to the definition of division a -^ 0, 
or - , asks : By what must zero be multiplied to produce a ? 

Let X denote the desired number. Then • a? = a. 
But we know that zero times any number is zero. If a is 
not zero, there is no number x that satisfies the above equation. 

That is, I = no number. 

If a is zero, every number x satisfies the equation. 
That is, - = any number, since times any number = 0. 

Division by zero is therefore either entirely indefinite or tm- 
possible. In either case it is not admissible. 
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If we divide one literal expression by another, there is no 
guarantee that the result is correct for those values of the 
letters that make the divisor zero. 

EXAMPLE 
Let a = 6. (1) 

Multiplying both members by a, a^ = ab, {^) 

Sabtracting lA from both members* 0^ — 6^ = a& — 6^ {S) 

Factoring, (a + 6) (a — 6) = 6(a - 6). (4) 

IMvlding both members by a-d, a + & = &. (5) 

Substituting the ralue of a from (1), & + & = &. (6) 

Or, 2 6 = b. (7) 

Dividing by ft, 2 = 1. {8) 

The work is quite correct to equation (4) • But by dividing equation (4) 
by an expression that, according to the conditions of the problem, is zero, 
we find as the result an incorrect equation. 

FRACTIONS 

45. The Second Extension of the Number System; Frac- 
tions. We found the primitive or absolute integers by counting. 
We defined the operation of addition for these integers and 
saw that it was always possible. Next we defined the opera- 
tion of subtraction for these integers, and found that it was 
not always possible. This led us to define relative numbers 
(positive and negative). In the system of numbers as enlarged 
by this first extension, we saw that both addition and subtrac- 
tion are always possible. Then we defined multiplication for 
all integers and saw that it was always possible. We now 
examine the operation of division as just defined. 

The operation 12 -h 4 is possible in the system of integers 
because there exists an integer, 3, whose product with 4 is 12. 
But the operation 12 -*- 5 is impossible in the system of integers, 
since there exists no integer whose product with 5 is 12. 
This leads us to define another kind of number, the fraction. 
This is done by dividing the unit into b equal parts, and taking 

a of these parts. A symbol for the new number is -, in which 

a and b may be any integers. This constitutes our second 
extension of the number system. 
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46. The new number, ^, is called a fraction ; a is called the 

numerator and b the denominator of the fraction; a and b 
together are called the terms of the fraction. 

47. Graphical Representation of Fractions. Fractions may 

be represented by points of 
the number scale that we 




b have already had. 

Thus, if the distance from zero to 1 is divided into b equal parts, and 
then a of these parts laid off from zero^ the end point represents the frac- 
tion -• [In the figare the fraction is -. j Fractions may also be taken 

in the negative sense. Two fractions are said to be equal, or to have the 
same value, when they are represented by the same point of the number 
scale. 

48. If each of the b equal parts is halved, making 2 b parts, 

and each of the a parts taken is halved, making 2 a parts, the 

end point remains the same. 

That is: 

q__2o^ 

6"'26* 
Similarly : 

a na 

b nib 

(A) In words : The value of a fraction is not altered if both 
numerator and denominaior is miUtiplied by tlie same integer. 

(B) Reading the above equation from right to left: The 
value of a fraction is not altered if both numerator and denomi- 
nator be divided by a common integral factor. 

Every integer may be regarded as a fraction. 

Thus,3 = ?or?or^etc. a + 6 = 5^. 
12 6 1 

49. Addition and Subtraction of Fractions. The properties 
(A) and (E), Sec. 48, enable us to add and subtract fractions. 

If fractions have not the same denominator, they are first reduced to 
the same denominator, and then the results added. 
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WRITTEN EXERCISES 
Add and express the results in lowest terms : 

3. 



1. 


3 + 
6^ 


1 
10 a 


• 


2. 


4a 
5 


5a 
4 


4. 


X — 


1_ 


a? -4-4 


• • 







7. 



5-1 5+1 
3p , 



x + 1 2(a:-|-l) a'\-p (a-^pf 

10. ? + : ^ + 2 

(l-a:)(l-2^)^(y-a^)(y-l)^(aj-l)(l-y) 

11 1 . ^ 1 1 



12. 



a*-(6+c)a+6c a'-(6H-d)a+M a*-(c+d)a+cd 

2a?y4-.v' y af-^5xy 
(x — yf x — y (x + yf 



50. The addition and reduction of fractions is facilitated by 
the processes for finding the I.e. m. and the h. c. f. The methods 
for finding these by factoring given in Chapter XIV, Part I, 
are sufficient for elementary algebra. 

WRITTEN EXERCISES 
Find the 1. c. m. of : 

1. 48,60,120. 4. «"-«, aj'-2a? + l. 

2. 15a*, 21a*aj, lOoabxy. 6. a^-^Sx — e, a^ + Oa + S. 

3. 5abx, 2Ba% 40 6V. 6. a(a?-l), &(l-ar*), c(a;-ic«). 

7. (l-3a;)*, l-9iB*, l-4a; + 3a^. 

8. m*4-w + l, m* — m+1, m* + m* 4-1. 

9. 5ic*-18aj + 9, 4a:*~lla?-3. 

10. a? — 1, (ic-l)^ic*-2aj + l. 

11- {p-q){P + 'r\ {q-r){q-p), (r-g)(r-f p). 

12. (a - c)(a - 5), (c - a)(6 - c), (6 - a)(c - h). 

13. a?-6aj» + ll»-6, aj»-4» + 3, iB*-3aj + 2. 
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Find the h. c. f . of : 

14. 28, 35, 105. 16. 1 - a, a" - 2 a + 1. 

15. 21 x', 42 ax', 63 aJ)a^y. 17. 1-ar', 1- a;*, a;«-2aj + l. 

18. a'-{-2ab + b%a!^-\'b^. 

19. x -|- .y, ic* — xy^, oi^ — 2 ocy — 3 y*. 

20. x* + x^y^-^y^,3^'^y^ — gcy. 

21. a' + 5a2-6a, 2a*-2. 

22. 3r»-722 + 4, 528-172^ + 162-4. 

23. a' + 6«4-2c» + 2a6+3ac + 36c,ac-h6c4-c*. 

51. ^Tactions may sometimes be added more easily by 
adding them in an order different from that in which they 
were given, 

EXAMPLES 

1. Inadding-l-4--^ + f5^ + -^ it is especially 

easy to add the first and third fractions ; then the second and 
fourth ; and, finally, the results thus obtained. 

Thus, 

1 1 _a-f-l — g-fl_ 2 



a-1 a + 1 a^-l a^-l 

1 . 1 _ g-f3-|-a-3 _ 2a 
a-3 a + 3 a^-9 a^~9 



2 



a3-l a2-9 (a2-l)(a2-9) (a2-l)(o»-9) 

2. In adding -^+-^ + -^ + 4^. the first and 

second are easily combined, then that result is easily added to 
the third, and finally that result to the fourth. 

(V\ 3 ,36a 



a-b aH-6 a^-b^ 
(2) 6q . 6 a 12 «« 



a2 _ 52 ■ a2 + 62 o* - 6* 
rgv 12fl« 12 «« _ 24 a7 



a*- 6* a*4-&* a^-fts 
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WRITTEN EXERCISES 

1. Add the fractions in the examples above in the ordinary 
way ; that is, find the 1. c. d. of the several fractions and add 
at once. 

Add by successive combinations, as above : 



3. -JL.+ 3 3 1 



a — 1 a — 2 a-f2 a + 1 
4. -^ + ^-+ ^^ 



a — b a + b a^ + 6* 

^ . 1 , a—b 1 a+h 
a— 6 c a -{-b c 

6. -^-^+ 2 ^ 



^ + 1 p — 2 P'\-2 p-l-1 

7. Add several of the preceding problems in the ordinary 
way. Which method is shorter ? 

52. To multiply a fraction by an integer we extend the 
definition of multiplication to this case, and we have : 

y^> = g4.g+...to(cterms) = ^-^^ + ^'^''^^(^"^^) ="^. 
Similarly, (- c) /"-") = ----... to (c terms) = - ^• 

63. That is, to multiply a fraction by an integer we multiply 
the numeraior by that integer. 

The fraction - is the quotient called for in the indicated division a -4- &, 

because the product of the divisor h and the asserted quotient _ is the 
dividend a, as seen in ^ 

6 . - = — = a (by property J5, Sec. 48). 
h b 

In our present number system the fraction - may therefore always be 

b 

regarded as indicating the division of a by & (provided b is not zero) . 
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54. The operation of division is thus seen to be possible in 
the new number system for any integral dividend and any 
integral divisor (except zero). 

We shall see, under Division of Fractions, that if either dividend or 
divisor or both are fractions, the operation is still possible without en:- 
larging the number system further. 

55. Multiplication of Fractions. The product of two or 
more fractions is afrcution whose numerator is the product of the 
given numerators and whose denominator is the product of the 
given denominators. 

56. Since an integer or an integral expression may be re- 
garded as a fraction with denominator 1, this definition applies 
also when one or more of the factors are integral. 

57. The Associative, Commutative, and Distributive Laws 
of Multiplication apply to fractions as well as to integers. 

WRITTEN EXERCISES 

Multiply : 

, 6 14 K 7.^ ^ (^ 

1. • . 6. OC ' — • • 

7a 156 C 2 6» 

2. t.^. 6. :=l^.i*. j 

y» 4«» a!«-9 9a! 1 

{1 + qy (2 + 0' 



(i-D" 



3y 16aj»y 15 (^x \ xj 



9. pqr 



(I-?)' 



10 a(l-a) . l + g 

l + 2a-f a* l-2tt + a« 

' l + 2b + b^'l^-2ab + a\l-a 1-6/ 

\t-l t-^-l l-ty 4:t 
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58. Reciprocals. If the product of two numbers is 1, each 
is called the redprocal of the other. 

Thus, the reciprocal of ? is ^, since ? . 5 = ^= i. 

b a h a ab 

59. Division of Fractions. Since divisor x quotient = divi- 

dendf to divide 7 by ^ means to find a number q such that 

o d 
e ^ a 

d ^ b 

Solving the above equation^ we have, 

„ a d 

^ b c 

That is : To obtain the quotient, mvUiply the dividend by the 
reciprocal of the divisor. 

We have thus seen that in the number system as now extended the 
four fundamental operations are possible when any or all of the numbers 
involved are fractions^ (Division by zero is always excepted.) 

60. Complex Fractions. If one or both of the terms of a 
fraction are themselves fractions, the given fraction is called 
a complex fraction. Since a fraction indicates division, a 
complex fraction may be simplified by performing the indi- 
cated division of its numerator by its denominator. 







WRITTEN EXERCISES 




Divide, and express results in lowest terms : 


1- ?-^l- 

2 6 




40 


- 1-t 


2. .f-t"*- 
18 c 3ao 




. a?-l . x + 1 
7h 2m 


8. p^ + ^J^. 


^ aa? , ba? 
2^ ay* 




e -^^ t ^ 
4y + l 2aj-.l' 




Bx 


1 


4:X 


1 


3v* 


X 


5 a 1 y* 


ft n 
14.^. 16. J 



9991* X 26 

8 
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11V fit I <5 . ^i ^^\ 



Perform the operations indicated : 



19. X — 



1 . 20. t+^. 21. (P^ + l)Jl^^\ 



1+- 7+1 

X t 



FACTORING 

61. Factoring. The process of finding two or more factors 
whose product is a given algebraic expression is called factoring 
the given expression. 

In division one factor (the divisor) is given and another factor (the 
quotient) is to be found such that the product of the two factors is the 
given expression (the dividend). Division is thus really a. variety of 
factoring, although the name '* factoring'^ is not usually applied to it. 
As a rule, when an expression is to be factored, none of the factors is 
specified in advance, and any set of factors is acceptable on the sole con- 
dition that their product is the given expression. 

62. The type products of special importance were applied 
in Chapter XII, Part I, and are collected here for reference. 

I. xy-{-xz==x(y-\-z). 

II. x^±2xy'\-y^={x±yy. 

III. a?'-y* = (aj-|-y)(«-?/). 

IV. a^-i-{a-\-b)X'\-ab = (X'{-a)(x-\-h). 

V. aca^-\-(ad + bc)x-\-bd={ax-\-b){cx + d). 
VL a^±Sx'y-\-3xi/'±f = {x±y)\ 
VII. a» + 3/' = (« + y)(«'-»2^ + .y«). 
VIII. a:^-y» = (aj-y)(a« + a;y + y'). 

These formulas apply when the letters are either positive or negative 
numbers, and a detailed treatment of them. wajs, given in Chapter XI, 
Part I. The following miscellaneous exercisei^- cover all the types. 
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ORAL EXERCISES 



Factor: 

1. ax + ay. 

2. ttx + a. 

3. ax + a\ 

4. ahx — ay* 

5. a^ + cuc 

6. ic'-f a»*. 

7. ah^ — ax. 

8. mx + my + m. 

9. paj'-f i>^4-l>g'. 

10. aj* — aj* + a?. 

11. ith/^ + xy + y. 

12. (a + &)a-(a + %. 

13. «^ + «^» +«*««• 

14. igf«» + 5f«. 

15. abc — acd-^bccL 

16. ahs^ — bh/^. 

17. 4aj*-92». 

18. a»&*aj» — c«. 

19. 1-p^qy. 

20. m^p^ — sHK 

21. (a -f- 6)» - (c + (f)«. 

22. l — (m +!>)'. 

23. a* + 2 a6c 4- 6*c*. 

24. aV + 2aV + l. 

26. a» + 2a(6 + c) + (6 + c)». 



26. l-2(aj + y) + (aJ + y)*. 

27. 49 + 14aj+aj». 

28. 9-12?/« + 4y*. 

29. 16-40 2+252*. 

30. a^b^ + 2abcd + c^. 

31. \ + t-\-t\ 

32. y* -f .4 y« + .04. 

33. mV4-4ma; + 4. 

34. ^2*-^2* + l. 

36. aj«— 6a; + 6. 

36. a* + 7a? + 12. 

37. aj* — a;— 12. 

38. a:* + a? — 6. 

39. t^ — 12x-\'SS. 

40. s» — 2a;-35. 

41. 12a^ + 7aj + l. 

42. 15y*-2y-l. 

43. 6aj*-12aj-f 6. 

44. Sy' + Sy + S. 

45. a»-6». 

46. a'-hft". 

47. 8-a?&». 

48. 64— aj'^/'. 

49. 8a^-12a?2 + 6aj-l. 
60. 27 y^ + 27 y^ +9 y + lu 



WRITTEN EXERCISES 



Factor: 

1. aj»-49. 

2. ^-7t + 6. 



3. 6y»-3y* + y. 

4. 4t;»-9w«. 
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6. l + 10a + 25a*. 

6. a? + 3a«6 + 3a6» + 6». 

7. (a! + l)' + 2(» + l) + l. 

8. l-? + i. 

a a* 

9. «»— 2a; — 16. 

10. a*&* — 1. 

11. iB* + 6«^ + 9^. 

12. v» — «*. 
18. l-icy. 
14. a* — 4aW 

16. (a? + 3^y-l. 

16. a^t^-i^dP. 

17. »*-2aj*y« + y«, 

18. (m+jp)» — 1. 

19. (aJ + y)*-(p + g)*. 

20. (a + 6)» + aj». 

21. iB»+|a> + fjB + f 

22. a?-lja» + fa-t. 

28. a^+(a + 6)aj + a6. 

24. y* + (ac — M)y— aftcd. 

26. aca?*+(c6 + ac?)aj + 6d. 



26. .126aj» + .76a^+1.6a!+l- 

^" 8 "T^T 

28. 8a» + 12a«f + 6crf* + ^. 

29. gf*-16. 

80. ay-llay+24. 

81. ih*-12ht + 9^. 

82. 1 — mK 

88. (2a + 6)»-(3a-2ft)«. 

84. 8a^-32a». 

86. 10m^-60mx + 90as. 

86. mV-f4:«*. 

87. a* + 3»»-28. 

88. a* -64. 

89. 56a^ — 68a; + 20. 

40. 24aj« + aj — 10. 

41. 15aj* — 34a?-16. 

42. a«a5*-7a« + 12. 
48. V-13y* + 42. 

44. (a+l)«-(a-l)« 

45. 05* — ^aj — ^. 



Calculate : 
46. 27«-25«. 



47. 387* -377*. 



48. 26»-2ff. 



General Methods 

63. The General Trinomial. The factors of the general 
trinomial ma^+px + q have the form {ax + b)(cx + d), and 
they may be found by reducing the general form to the type 
a^ + &a;4-o. To do this, multiply and divide the expression 
by m (the coefficient of x') and put mx = y. The method will 
be made sufficiently clear by an example. 
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EXAMPLE 
Factor: 6aj» + 19a? + 10. 

Multiplying and dividing the given trinomial by 6^ we obtain 

6aJ« + 19aB + 10 = K86*« + 6 . 19a5 + 60). 

Pat fl« = y. (i) 

Tbfln, d6a^ + 6. 10x + 60=:y3+10y + 60 (j9) 

= (y + 4)(y + 16) Sec. 168,Pt.L(^) 

BeplMdiig y by 60, =(6x + 4)(6x + 16) (4) 

s 2(8 2; + 2)3(2 a; + 6) 

= 6(8a: + 2)(2a; + 6). (5) 
And finally, 6as^ + lOx + 10 = } • 6(3 z + 2)(2 2 + 6) 

= (8x + 2)(2z + 6). (IS) 

Tbst by mnlUplioation. 



WRITTEN EXERCISES 

Factor : 

1. 3a^ + 7aj + 2. 17. 7pl^ + 22p+3. 

2. 3aj«-5a:-2. 18. 162* + 2- 6. 

8. 4a^-|-13aj-12. 19. 3a«-f-14a6-5&*. 

4. 6aj*-22aj + 20. 20. 16 aj« + 2 ajy - 8 y». 

6. 3a«-ha-10. 21. 14m«-mi>-3|>«. 

6. 4m*4-9m-9. 22. 10«»+9«^-9««. 

7. 4|)» + 8p + 3. 23. 12 a?* - 47 ir« - 17. 

8. 9aj»-3aj-2. 24. 40 aj«» - 2 af - 2. 

9. 6a?-9aj-2. 25. 3a"-8a-115. 

10. 6a«-8a-8. 26. 6 aW - a!>» - 12 6*. 

11. 26y«-60y-24. 27. 26 ic* + 20 a? + 4. 

12. 10a» + 9ajy — 9^. 28. 4z* + 4a2-15a*. 
18. 16jp«-18p-24. 29. 3 a* -haft -2 6*. 

14. 12««-10»-12. 80. 12y» + 19y-21. 

15. 63^ + 36y-6. 81. 6m»4-mn-2n*. 

16. 28««-44« + 16. 82. 96a*-4a6-156«. 
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64. Expressions that can be made the Difference of Two 
Squares. 

1. Expressions of the form a** 4-4 6** may be factored by 
adding and subtracting 4 a**6**. Thus, 

a^ + 4 a^b^ + 4 6^ - 4 a^b^ = (a«* -h 2 6*»)»- (2 a*6*)* 

= (tt*- -h 2 6*» - 2 a»6»)(a*» + 6** + 2 a»6»). 

EXAMPLE 

0:8 + 4 y8 = x«H-4 a:*y* + 4 y« — 4 ar*y* 

= (a;*+2y4-2xV)(x*H-2y* + 2aJV). 

2. Expressions of the form a** ±pa^b^ + 6** may be factored 
if a number can be found such that when added to p the result 
is 2. 

EXAMPLE 

Factor a^^e a^b* + b\ 

Adding and subtracting 4 a^b^, 

a4 _ 6 a262 + 6* = a* - 2 a262 + M - 4 a^I^. 

= (aa - 62 - 2 a6)(a» - 6« + 2 a6). 
I 

3. Some other expressions may be made the difference of 

two squares. 

EXAMPLE 

Factor 16 m* + 36 mY + 26 p\ 

Since twice the product of the square roots of the end terms is 40 m^, 
the expression can be made the difference of two squares by adding and 
subtracting 4 m^. Thus, 

16 m* + 36 mV + 26i?* = 16 m* + 40 m«p2 4. 25 1)* - 4 m^« 

= (4w2 + 6p2)2.(2mp)2 
= (4 m^ + 6 pa - 2 mp ) (4 m^ + 6 pa + 2 wip) . 

WRITTEN EXERCISES 

Factor : 

1. i>*4-4g*. 4. 42/« + l. 7. a^ + a*+l. 

2. m*4-4. 6. 2^"4-4. 8. a* + 4a* + 16. 
8. 4a^ + l. 6. 4m« + y«. 9. a* + o«6* + 6*. 
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10. 64p«-fl. 11. m« + 64. 12. 4p"--f-g*». 

13. 9aj*-10aj*+l. 16. 4 c* -f 3 c*d» + 9 d*. 

14. 16y* + 4y*-|-l. 16. 36 a?* - 84 aj^' + 16 y*. 

65. The General BinomiaL The factors of the general bi- 
nomial a^ ± i^* depend upon the nature of n. The following 
table shows for what values of n the division is exact in 

a. (aj"-f y")-i-(aj + y), if n is odd. 

b. (a?* + y*)-^(a?— 2/)> not for any value of n. 

c. (af — y'*)-*-(a? + y), if n is even. 

d. (aJ* — jT) -f-(a? — y), for every integral value of n. 

ORAL EXERCISES 

Name a factor of each of the following : 

1. a?^-/. 3. 1-a^. 6. a^°-l. 7. a"-6". 

2. aj^ + al 4. «• + »•. 6. a?" — y". 8. 32a^--l. 

66. The factor of the first degree in a?* ± y* having been 
found by inspection, the other is a regular series of powers 
that can be written directly (Sec. 39) ; it has alternate signs 
in the cases (a) and (c), and plus signs in case (d). 

Por example : 

ajT + a^ =Cx + a)(a^ — <M5* + a%c* - a*B« + o^x^ — o^ + «•). 
82a«-l=(2a)*- 1 

= (2 a - 1) [ (2 a)* + (2 a)» . 1 + (2 a)» . l^ + 2 a • 1« + 1*] 

= (2a-l)(16a*H-8a8 + 4o2 + 2a + l). 

a;io _ ^10 has }x)th x — r and x + r as factors, but it is better first to 
factor as a difference of two squares ; then apply (d) and (a). 

WRITTEN EXERCISES 
Pactor: 

1. 32a^-b\ 6. a^-ft^ 9. (a;-3y)» + l. 

2. 128a^-fl. 6. 1-m". 10. a^ - y* (four factors). 

3. 32-243<*. 7. aJ»-a«. 11. (a + 6)'^-(a-&)^ 

4. (c-dy + 1. 8. l-(a + 5)*. 12. (x-yy-(x + yy. 
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67. Factor Theorem. If any polynomial in x assumes the 
value zero when a is substituted for x, tJiefi x — a t« a factor of the 
polynomial. 

For example, substitute 2 for x in the polynomial : 

ae* - 8 a5« + 7 «« - 2 a; - 16 . 
Then, 2«-8.2«+7-2«-2.2-.16=:16-24 + 28-.4-16 = 0. 

Suppose the polynomial to be dlTided by x — 2, and denote the quo- 
tient by Q and the remainder by B, the latter being nomerlcaL 

Then, «* — 8x«4- 7x« -2x- 16= (x-2)Q + B. 

In this equation substitute 2 for x ; the left number beoomes zero as 
just Seen ; 2 — 2 is also 0, and times Q is ; hence the result is : 

= + 5, or J? = 0. 

Consequently, «* — 8x« + 7a^ — 2x— 16 =s(x — 2)§, or x-2 is a 
factor ofx*>-3x* + 7a^ — 2x— 16. Thus we may Imow without actual 
division that x — 2 is a factor of the polynomiaL 

In general: Let P(x) denote the g^ven polynomiaL 

Suppose P(x) to be divided by x — a. There will be a certain quotient, 
call it Q(x), and a remamder, B. This remainder will not inyolve x, 
otherwise the diyision could be continued. 

We have then: P(x) = (x - a)Q(x) + J?. (1) 

Put a for X, and denote the resulting value of P(x) by I\a}^ and of 
Q(x) by Qia) : 

Then, P(a) = (a-a)(«)(a) + «. (2) 

But, (a-a)(Q)a = 0, 
hence, if P(a) = 0, 

then, £ = 0, 

and, P(x) = (x - a) ^(x). 

That is, X — a is a factor of P(x), if the expression Is when x = a. 

WRITTEN EXERCISES 

By use of the Factor Theorem test each expression and find 
if the binomial at the right is a factor of it : 

ExpmnBioN BnroiciAL 

1. a^ — 4aj + 4 » — 2. 

2. »*-5aj + 6. » — 3. 
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3. aj*-a?-6. x-S. 

4. 3aj* — aj — 2. »-l. 
6. 3y*-20y + 26. y-B. 

6. aj»-3a?» + 3aj — 1. « — 1. 

7. jp'-4i)>-4jp + 16. p-4. 

8. m' — 2m* + m — 2. m — 5. 

68. JOT the polynomial becomes toAen — a is put for z, <Aen 
X — (— a), or X + a M a factor. 

Example : x + 2 is a factor of 2c* + a^ — 2 x beoaiue 

(-"2)» + (-2)a-2(-2)=-8 + 4 + 4 = 0. 

WRITTEN EXERCISES 

By use of the Factor Theorem^ prove that each polynomial 
has the factor named: 

POLTHOKUJi FaOTOB 

1. aj^ + 12a^ + 31aj-20. x + B. 

2. (aj-a)«+(aj-6)*-(a-6)*. aj-6. 

3. a:» + 2«*4-3aj+2. x + 1. 



X — m» 



4. aj»-2a?*+^-fm»-2m«+^Y 

m \ » y 

5. aj^ + 2aj*'+3af + 2. of + l. 

6. a^ + oa? — aW— a*. oj— a*. 



a« 



7. 9aj* + (3a*-12a)a?*-4a»aj»+3a«» + al a+^. 

In each polynomial^ substitute the values given for x, and 
use the Factor Theorem to find the possible factors : 

POLTVOMZAL VALVIS POB CD 

8. a?* + 3aj» + 4a?»-12aj-32. 1,2,-2. 

9. x«-7aj» + 14a? + »-21. 1,-1,2,3. 

10. 2aJ* + 6iB»-41a?-64aj +80. 4,-4,5,-5. 

11. Apply the Factor Theorem to (a* ± 6*) -^ (a ± 6) and prove 
the results of Sees. 66 and 66. 
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REVIEW 
WRITTEN EXERCISES 

Perform the indicated operational expressing fractional 
suits in lowest terms : 

1. 2a-36 + 4a + llc-2d + 6-.8a-96 + 3c-4-5ci 

+ 2a — 6. 

2. ajV + 3a:y« + 4aj*-2ajy-3ajV + 2aj*y*-4a?y4-8a?2/» 

-7y*-3ajy. 

3. 5a;-7y-(3aj + 4y-2) + 3 + (8a?-7)-(2a?-8y+13) 

4-8(2aj-l). 

4. 4aj- }2c-(3aj4-2y + 5c){. 

5. 5ac-|4 6 + 2c[3a-5 6-(6a-2 6-7c4-3)]}. 

If L = 4aj + 2y-3, JIf = a? - 9 y -f- 1, /? = y-6a;, find: 

6. Zr + ^+iJ. 8. LM-3B. 10. (Z + ^af)'. 

7. 3i-2Jf+iJ. 9. n-M\ 11. SL^-5MB. 

IfX=7a + 26, r=2a-96 + 3, Z=46-7a-3, find: 
12. X-(3F-2Z). 13. 2F-[Z+3(4X-8r)]. 

14. x'-ier*. 15. T^'\'4tYZ. 16. xra: 

a + 6 a' + 75 .a — 5 



17. 






6m-f 4jj 3m*-f 4p^ . m — 2j!> 
15 m 15 mp 5p 



19. i_»±^_«r:|. 20. 

l + a* a + 1 



(l-l)(.+y> 



<«-h9<-f 20 «2 4-7< + 12 ^-f 11^ + 28 

24. (6 + 3)»-(6-2)». 

26. (»" + 3 a?"-* -I- 5 a?"-*) (a:* + 4 aj). 

/lOa^ 5a^ 5a^ ,15a; 

\3m* 9w* mV ' m* ' 
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■ U + Sg + sf ' 24 + 11^+^' 
!_?. g + 1 I g-1 

29. ^ — Z-. 30. ^ — ^-^. 

2^_3 g-hl g-1 

a' a g — I5-I-I 

31 /3 a llb\fSa b\ fSa 2b\* 
' \b Sa)\b Sa) \b 3a)' 

_ 2 1 3 

aJ + 4iB + 3 jc^-f 3aj + 2 ar^ + Saj + S' 



32. 

33.-^^-2^. 
a' + 1 a + 1 

• a* - 16 a; H- 64"*" a»-64 

Divide by detached coefficients : 

36. 16-32 aj + 24aj*-8a^ + ar*-s-(2-aj). 

36. 16m*-32m»H-24m«-8m + l^(2m-l). 
Factor by the Factor Theorem : 

37. aj*4-«* — a; — 1. 

38. 4aj*-f-aj» — 5. 

39. a* — cib^ + a* — ab. (Substitute b for a.) 

SUMMARY 

1. State the laws that govern the processes of addition for 
algebraic numbers. Sees. 3, 9. 

2. State the laws that govern the processes of multiplication 
for algebraic numbers. Sees. 26, 32. 

3. State and illustrate two extensions of the number system 
of algebra. Sees. 16, 45. 

4. Name eight type expressions used in factoring. Sec. 62. 

5. State the Factor Theorem. Sec. 67. 
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mSTOSICAL Hora 

We h&ve aeen that algebn embraces tbe enlugement of the nnmber 
field of arithmetic to iaolode ntgatiTe number and tbe eztensloa of tha 
baiio prooeaaes to thoae numbers. Thiu, the equation z -(- 3 = 1, wbicb 
Abmea could not aoWe and which waa regarded as nef^ble until tbe slx- 
teentb century, is no more exceptional than x + 1 = S, since algebra de- 
fines 1 — Stobe — 2. Ina similar wa; the field of number was enlarged 
to include podUve and negative fractions, for the eqnation Sx= — 2 could 
not be solved until ~ was understood. In arithmetic the proceases 
b —a and - are limited to positive numben, but In algebra each of these 

hasameaningtorallTslaesof b and a, positive or negative. This process 
ot generalizing (ria first explained by the English algebraist, George Pea- 
cock (1S30), and called by him the priae^U of pervtatunee. That la. In 
order that any number or symbol may be made a part of algebra. It must 
conform to the basic laws governing the processes, namely. The Aasocia- 
ti-n Law, Tbe Commatatlve Law, and The Distributive Law. 

The famona scientist, Sir Wil- 
liam Bowan Hamilton (1840), 
regarded these laws aa distiii- 
gnishing algebri^c nnmber from 
other numbeis. In doing so, he 
discovered numbers which do 
not ot>ey the Commutative Law 
of Multiplication, and to these 
DumberB he gave the name 
Quaternions. Their study has 
since become a new biancb of 



Hamilton vras of Scotch par- 
entage, but Ireland sharee his 
fame, because he was bom and 
educated at Dublin. Like Tar- 
taenia, he received instruction aX 
home when a boy, and showed 
exceptional ability at an e&rly 

could read a dozen languages, 
at eighteen he bad mastered Newton's PriHcipia, and shortly became pro- 
faasor of Astronomy in Trinity College, Dublin. Hamilton did much tor 
mechanics and astronomy, but his greatest achievement in mathematiei 
was the disoovery of QoatfimloDS. 



CHAPTER n 
EQUATIONS 

EQUATIONS WITH ONE UNKNOWN 

69. Two algebraic expressions are equal when they repre- 
sent the same number. 

70. If two numbers are equal, the numbers are equal which 
result from : 

1. Adding the same number to each. 

2. Multiplying each by the same number. 

Subtnction and diyision are here included as yarieties of addition and 
multiplication. 

71. The equality of two expressions is indicated by the 
symbol^ = , called '' the sign of equality." 

72. Two equal expressions connected by the sign of equality 
form an equation. 

73. Such values of the letters as make two expressions 
equal are said to satisfy the equation between these expressions. 

74. Equations that are satisfied by any set of values what- 
soever for the letters involved are called identities. 

75. Equations that are satisfied by particular values only 
are called conditional equations, or, when there is no danger of 
confusion, simply equations. 

76. The numbers that satisfy an equation are called the 
roots of the equation. 

77. To solve an equation is to find its roots. 

78. The letters whose values are regarded as unknown are 

called the mdoiowns. 

87 
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79. The degree of an equation is stated with respect to its 
unknowns. It is the highest degree to which the unknowns 
occur in any term in the equation. Unless otherwise stated, 
all the unknowns are considered. 

80. An equation of the first degree is called a linear 
equation. 

81. An equation of the second degree is called a quadratic 
equation. 

82. An equation of the third or higher degree is called a 
higher equation. 

83. In order to state the degree of an equation its terms 
must be united as much as possible. 

84. Terms not involving the unknowns are called absolttte 
terms. 

85. Equivalent Equations. If two equations have the same 
roots, the equations are said to be equivalent. If two equa- 
tions have together the same roots as a third equation, the two 
equations together are said to be equivalent to the third. 

86. The Linear Form, ax + b. Every polynomial of the 
first degree can be put into the form aac + b. That is, by 
rearranging the terms suitably, it can be written as the product 
of a; by a number not involving x, plus an absolute term. 
Hence, the form ax -{-bis called a general form for all poly- 
nomials of the first degree in it, 

87. Every equation of the first degree in one unknown can 
be put into the form : 

ax-\-b = 0. 

Consequently this is called a general eqiLOtion of the first degree 
in one unknown, 

88. General Solution. Erom the equation ao; + 5 = 0, (1) 
we have ax = — b, (2) 

and hence, x = ^^^— • (3) 

a ^ 
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89. is the general form of the root of the equation of 

a 

the first degree. There is always one root, and only one. 

The advantage of a general solution like this is that it leads to a for- 
mula which is applicable to all equations of the given form. 

In words: When the equation has been piit into the form 
ax 4- b = ^/ie root is the negative of the absolute term .divided 
by tlie coefficient of x. 

Test The correctness of a root is tested by substituting it 
in the original equation. 

If substituted in any later equation, the work leading to that equation 
is not covered by the test. 

Results for problems expressed in words should bo tested 
by substitution in the conditions of the problem. 

If tested by substitution in the equation only, the correctness of the 
solution is tested, but the setting up of the equation is not tested. Nega- 
tive results that may occur in such problems are always correct as solu- 
tions of the equations, but they are admissible as results in the concrete 
problem only when the unknown quantity is such that a unit of the un- 
known quantity is offset by a unit of its opposite. 

For example, if the unknown measures distance forward, a negative 
result means that a corresponding distance backward satisfies the con- 
ditions of the problem. But, if the unknown is a number of men, a 
negative result is inadmissible, since no opposite interpretation is possible. 



ORAL EXERCISES 
Solve for x : 

1. 3 a; = 15. 4. a- 6 = 10. 

2. 2 a; = 11. • 5. a? -h 6 = 12. 

3. 4|aj = 9. 6. 2aj4-l = 13. 

Solve for t\ 

7. 6^ = 36. 10. 3«-8 = 22. 

8. ^ — 5 = 20. 11. at — ab. 

9. 2«-f5 = 25. 12. a«-f-6 = c. 
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Solve for y : 

13. 3y-l = 2. 16. 6y = 6c 

14. 2y — 1 = 7. 17. hy=zh + c 
16. 5y + 5 = 35. 18. ay — h^c 

Solve for a : 

19. 6a = 18. 22. 3a + l»13. 

20. 2|a = 10. 23. 2a~5 = 15. 

21. a + l=13. 24. 5a-& = c. 



WRITTEN EXERCISES 
Solve for x : 

1. aj-75 = 136. 11. 325 a? + CO = 400. 

2. 2aj-15 = 46. 12. 126a? + 6 = 10. 

3. 3a; + 6 = 48. 13. 8 a; + 625 = 105. 

4. 5 OS — 10 ss 55. 14. ax-^-hx^c, 

5. 1.5 a; — 5 s 70. 16. dbx -^ ax z=s ab. 

6. 3.5a; — 5 = 100. 16. ex -^ da ^ c -{- d. 

7. 2.1 a? — 41 = 400. 17. maj + pa5s=p + 7. 

8. 1.3 35 + .1 =s 1.79. 18. lx + 7nai:=^l — m. 

9. .25 a? + .50 = 3.25. 19. aa? + &« = 2(a4-&> 
10. .11 aj + .11 = 1.32. 20. 2caj + da? = l. 

Solve and test : 

21. 2(aj-l)+3(2aj + 5) = 0. 

22. i^±21 + 3 = 2a. + l. 24. 3l±l=ll=3ir. 

5 4y-2 4-4y 

23. E^+^ + 2^ = a;. 26. l±^ = ll:=i£. 

2 3 4 P P 
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Solve for c : 



26. 5e + 3 a = ae. ^ v = ct + 3t. 

27. 4c-1 ^ 2c + 5 2 

3m 6m * 29. (a + c)(o — c)= — (c + a)'. 

30. ,3o__o-:2^(c-2)(2c-.7)^ 3, _A_^;. 

c-3 c-4 c*-7c + 12 . l-fc^ 

32. An inheritance of $ 2000 is to be divided between two 
heirs, A and B, so that B receives $ 100 less than twice what 
A receives. How much does each receive ? 

33. Twenty steps, each of a given height, are required to 
build a certain staircase. If each step is made 2 inches higher, 
16 steps ^e required. Find the vertical height of the staircase. 

34. In a certain hotel the large dining room seats three 
times as many persons as the small dining room. When the 
large dining room is | full and the small dining room \ full, 
there are 100 persons in both together. How many does each 
room seat ? 

35. Tickets of admission to a certain lecture are sold at two 
prices, one 25 cents more than the other. When 100 tickets 
at the lower price and 60 at the higher price are sold, the total 
receipts are $ 95. Find the two prices. 

36. Originally, \^ of the area of Alabama was forest land. 
}- of this land has been cleared, and now 20 million acres are 
forest land. Find the area of Alabama in million acres. 

37. In a recent year the railroads of the United States 
owned 70,000 cattle cars. Some of these were single-decked, 
and others double-decked. There were 44,000 more of the 
former than of the latter. Find how many cars there were of 
each kind. 

38. The average number of sheep carried per deck is 45 
larger than the average number of calves. If a double-decked 
car has the average number of calves on the lower deck and of 
sheep on the upper deck, it contains 195 animals. Find the 
number of sheep and of calves. 

4 
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39. The average number of iDbabitants per square mile for 
Indiana is } of that for Iowa, and that for Ohio is 32 greater 
than that for Indiana, and 62 greater than that for Iowa. 
Find the number for each state/ 

40. Lead weighs f f times as much as an equal volume of 
aluminium. A certain statuette of aluminium stands on a base 
of lead. The volume of the base is twice that of the statuette, 
and the whole weighs 282 oz. Find the weight of the statuette 
and of the base. 

41. A man inherits $10,000. He invests some of it in 
bonds bearing 3^ % interest, the rest in mortgages bear- 
ing 5} % interest per annum. His entire annual income 
from these investments is $ 510. Find the amount of each 
investment. 

42. A pile of boards consists of inch boards and half-inch 
boards. There are 80 boards and the pile* is 58 in. high^ 
How many boards of each thickness are there ? 

43. A hardware dealer sold a furnace for $ 180 at a gain of 
20 %. What did the furnace cost him ? 

44. A merchant sold a damaged carpet for $ 42.50 at a loss 
of 15 %. What did the carpet cost him ? 

45. A collector remitted $475 after deducting from the 
amount collected a fee of 5%. How many dollars did he 
collect ? 

46. The amount of a certain principal at 4 ^ simple interest 
for 1 yr. was $ 416. What was the principal ? 

47. Pythagoras being asked the time of day, replied: 
" There remains of the day (from 6 a.m. to 6 p.m.) twice the 
number of hours already passed." What time was it ? 

48. The three Graces, carrying 4 apples each, met the 9 
Muses; they gave each Muse the same number of apples; 
then the Muses and Graces had equal shares. How many had 
each? 

49. A fruit vender gave a boy 4 dozen oranges to sell and 
agreed to pay him | ^ for each orange sold, but demanded a 
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payment of 2 ^ for each orange eaten ; the boy disposed of all 
the oranges and received 25 ^« How many oranges did he eat ? 

60. A robber in escaping from a castle met a guard whom 
he bribed with ^ of his plunder ; at the next gate he bribed 
another guard with \ of the plunder remaining ; at the third 
gate he bribed another guard with \ of the plunder remaining ; 
the robber then escaped with 2000 ducats. How many ducats 
did he steal ? 

51. A servant agreed to work for £ 10 a year and his livery. 
At the end of 7 months his lord discharged him, giving him 
the livery only. How many pounds was the livery worth ? 



SPECIAL PROBLEMS 

90. The solution of many problems is made easier by a 
special plan of work. 

EXAMPLE 

How much water must be added to a 20 % solution of am- 
monia to make a 10 % solution ? 

Flan. 1. Confidder an arbitrary quantity of the given mixture ; for 
example, 1 gallon. 

2. Let X be the number of gallons added ; then the two quantities are : 



IST QUANTITT 


2d Quahtitt 


Igal. 


(1 + X) gal. 



3. Decide which substance (the ammonia in this problem) has not 
changed in quantity ; state the amount in each solution. Thus, 



Ammoitia m l8T Solution 


Ammonia in 2d Solution 


20% of Igal. 


10%of (l+x)gal. 



4. .•. the equation is 20% of 1 = 10% of (1 + x), or .2 = .1 (1 + a). 

5. Therefore, x = 1, and 1 gallon of water must be added for each 
gallon of the original solution. 
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WRITTEN EXERCISES 

Solve the following, using the tabular plan given above : 

1. How much water must be added to a 95^ solution of 
alcohol to make an 80 % solution ? 

2. A certain paint consists of equal parts of oil and pig- 
ment. How much oil must be added to a gallon of this paint 
to make a paint f of which is oil ? 

3. How much potash must be added to a 10 % solution to 
make a 20 % solution ? 

4. Spirits of camphor is camphor gum dissolved in alcohol. 
How many ounces of camphor gum must be added per ounce 
to a 5 % solution in order to make an 8 % solution ? 

91. Problems involving the rates of two moving bodies 
have received much attention in mathematics. 

For example, a courier, or messenger, leaves the rear of an army, 5 
miles long, to deliver a dispatch to the officer at the front, and rides at the 
rate of 10 miles per hour. 10 minutes later he is followed by another 
messenger riding at the rate of 15 miles per hour. If the army is not 
moving, where will the second messenger overtake the first ? 

The following are further examples commonly known as 
" clock " problems and " planet " problems. 

EXAMPLE 

At what time between 3 and 4 o'clock are the hands of a 
clock together ? 

Solution. 1. The minute hand moTes 1 minute space per minute. 

2. The hour hand moves ^ of a minute space per minute. 

3. Let X = the number of minutes after 3 o^clock when the hands are 
together. Then, z is the number of spaces moved by the minute hand 

and -^ is the number of spaces moved by the hour hand. 
12 

4. When they are together the hour hand is 16 + — minute spaces 
from Xn, and the minute hand is x spaces. 

5. Hence,, x = 16 + ^, and x = 16^, the number of minutes past 
3 o'clock. ^^ 
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WRITTEN EXERCISES 

1. How many minute spaces must the minute hand gain on 
the hour hand from the time they meet until they lie opposite 
to each other in the same straight line ? At what time are the 
hands of a clock opposite to each other for the first time after 
12 o'clock ? 

2. At what time between 7 and 8 o'clock are the hands 
of a clock opposite each other ? 

3. At how many different times, and when, are the hands 
of a clock at right angles between 4 and 6 o'clock ? 

4. A and B enter a race together ; at the end of 5 minutes 
A is 900 yd. from the starting line and 75 yd. ahead of B ; 
at this point he falls, and though he renews the race, his rate 
is 20 yd. a minute less for the rest of the course ; he crosses 
the line ^ minute after B. How long did the race last ? 

5. In astronomy it is important to know when planets are 
in line between the earth and the sun. This is called con- 
junction. Taking the earth's time of revolution about the sun 
as 365 days and that of Venus as 225 days, how long after one 
conjimction of Venus until the next one occurs ? \ \ 

Suggestion. The problem is quite analogous to • j ^ — g" 

that of the bands of a watch. For the purposes of / 

this problem we suppose all the planets to move in the same plane and 
in circular paths (orbits) in the same direction of revolution about the 
sun as a center. 

1. Let X = the number of days. 

2. Venus will have made -^ revolutions. 

226 

3. The earth will have made — revolutions. 

365 

4. But to be in conjunction, Venus (which goes faster) must have 
made one more revolution than the earth. 

Hence, JL = JL^i 
' 226 366 ' 

and x = 586JJ. 

6. Taking 88 days as Mercury ^s time of revolution about 
the sun, how long from one conjunction of Mercury to the next? 
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7. When the earth is between a planet and the sun, in the 
same line with them, the planet is said to be in opposition to 

the Sim. Taking 687 days as Mars' 
time of revolution about the sun, 
how long is it from one opposition 
of Mars to the next? 

8. Taking 4307 days as Jupiter's 
time of revolution about the sun, how long is it from one 
opposition of Jupiter to the next ? 

9. Answer the same question for Saturn, whose time of 
revolution is 28.6 yr. 

10. Also for Neptune, whose time of revolution is 165.5 yr. 

Note. Those who have studied geometry may take up here some of 
the problems based upon geometric properties found in Chapter X. 

« 

EQUATIONS WITH TWO UNKNOWNS 

92^. Systems of Equations. Two or more equations coh- 
sidered together are called a system of equations. 

93. Simultaneous Equations. Two or more equations are 
said to be simultaneous when all of them are satisfied by the 
same values of the unknowns. 

94. All systems of two independent simultaneous equations 
of the first degree in two unknowns can be solved by the 
method of addition and subtraction, which consists in multiply- 
ing one or both of the given equations by such numbers that 
the coefficients of one of the unknowns become numerically 
equal. Then by addition or subtraction this unknown is elimi- 
nated, and the solution is reduced to that of a single equation. 

95. Occasionally the method of substitution is useful. This 
consists in expressing one unknown in terms of the other by 
means of one equation and substituting this value in the other 
equation, thus eliminating one of the unknowns. 

This may be the shorter method when an unknown in either 
equation has the coefficient 0, -f 1, or — 1. 
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General Solution. A general form for two equations of the 
first degree is 

oaj 4- 6y = e, (1) 

cx + dy =/. (2) 

From these it is possible (without knowing the values of a, 
b, c, d, e, /) to find a general form for the solution, namely : 



de — hf , af— ce 

ad — be ad — be 



(3) 



These are the formulas for the roots of any two independent 
linear simultaneous equations with two unknowns. 

96. Relation of the Roots to the Constants in the Equations. 

1. The denominator is the same in each result and is made 
up from the coefficients as follows : 



ax +by = e. 



Co«fficient« of x 

a 



Coefficients of y 
b 




,cx + dy=sf, 

2. The numerator of the value of x is made up thus : 
'ax + by=se. 



Abeolute Terms 



Coefficients of y 
b 




cx + dy^f. 

3. The numerator of the value of y is made up thus : 
ax + by=ie. 



Coefficients of x 

a 



Absolute Terms 

e 



cx + dy =/. 
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The following examples will illustrate the use of these for- 
mulas in solving equations : 

2»-3y = 4, (i) 

l/\+2 4.2 -1(- 3) 8 + 3 11 



1. Solve 



■{ 



2v,-3 2. 2 -(-3). 4 4 4-12 16 



X 



_ 4/\l _ 2.1-4-4 _ 2-16 _ -14 _-7^ 
^~2v/-3""2.2-4(-3) 16 16 8 ' 

4/\ 2 

2.11 3.-7 _64_.. 4.11 ■ 2.-7 _16_^ 
^*'' "T6~ ■"8~~16~*' 16 ^ 8 "16"^- 



W 



«) 



97. The above form of expressing cross products is derived 
from the Determinant Notation, and while it is not necessary 
to know Detenninants in order to solve such simultaneous 
equations by inspection, it is well to know the basis of the 
method. 



The symbol 



a c 
h d 
a Determinant of the second order- 



is defined to mean ad -be, and is called 



EXAMPLES 



2 4 

3 5 



= 2.5-3- 4 =—2, and 



2-1 
-3 5 



= 2.5-(-3.-l)=13. 



ORAL EXERCISES 



Find the value of : 

3 2 
5 4 



1. 



2. 



3. 



2 5 
1 -2 

4 

-2 



6 
3 



4. 



5. 



6. 



6 

8 

-i 
i 



3 

4 



i 



9 
4 



7. 



8. 



9. 



2 


-i 


2 


a 


3 


6 


a 


b 


X 


y 
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98. The values of x and y in Section 95 may be expressed 
in Determinant Notation. 



Thus, 



JC = 



e 


b 


f 


d 


a 


b 


c 


d 



a 


e 


c 


/ 


a 


b 


c 


d 



EXAMPLE 



Solve: 



I X'-2y = 12. 



x = 



-27 


7| 


12-2 


4 7 




1-2 





y = 



4 


-27 


1 


12 


4 


7 


1 


-2- 



_ ^27. (-2)- 7.12 

4.(-2)-7 



^ 4.12-l(-27) _ 75 
- 16 - 15 



-30 
-15 



= 2. 






=-6. 



W) 



Test. 4 . 2 + 7(-6) = - 27 ; 2-2(-5)=12. 



99. This method usually gives the values by inspection, 
for the products and differences can be read direct from the 
equations themselves. 

For example : 



4:x + 2y = ly 
3 a? — 5 2/ = 4. 

Denominators 
= 4(-5)-2. 
=-26. 



4:x + 2y = l, 
3 a? — 5 y = 4. 

Numerator of y 
= 4 . 4 - 1 . 8 = 13. 
13 _ 1 
-26 2* 



y = 



4a? + 2y = l, 
3 a? — 6 y = 4. 

Numerator of x 
=l(_6)-2.4=-13. 
-13^1 
-26 2* 



x = 



WRITTEN EXERCISES 

Solve, using determinant forms : 

1. x-{-y = 5y 3. 2aj-fy = 3, 
a? — y = 3. a;-i-y = 2. 

2. a;-hy = 5, 4. 2x-\-Sy = 7, 
a? — ^ = 1. aj — y = l. 



6. 2a;-f 22^ = 8, 
2aj-2^ = 2. 

6. 3aj — y = — 5, 
2aj-y = -3. 
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7. 4a? — 3y==7, 23. 4aj — 7y = 5, 
3aj-4y = 7. Sa-f 15y = 39. 

8. 6aj + y = 9, 24. 2a?-y = 6, 
3x + y = 5. 10x-3y = 7. 

9. 4aj + 6y = 22, 26. 7aj + 9y = 20, 
3a; + 2y = 13. 8a;-4y = -20. 

10. a;-6y = -22, 26. 2aj-6y = 6, 
5aj-y = 10. 4a-f 2y = 16. 

11. 4aj-3y = 3, 27. 2aj-f y = 0, 
3a;-4y=-3, aj-|-2y = -3. 

12. 4aj + 2y = l, «»• lla; + 22y = 33, 
3aj-2y = f 4a5 + 18y = 22. 

13. 12a;-lly = 87, ^- 1-4 a? + 2.1 y = 1, - 
4a;-|-2y = 46. 2.8a + 3.3y = 2. 

14. 7aj-2y = 3, ^' 30 a: + 25 2^ = 40, 
7aj-43^ = -l. 13a?+16y = 22f 

16. 9a:-3y = -6, ^^' 9«-12.y = -51, 

8a:-22; = -6. • 21a:-35y=-133. 



16. ax + y = ly 

bX'\-y = 2. 



32. 3a; + 6y = 37, 
10x-5y = 15. 

33. 5a; = 3y, 

17. a^ + b!, = e, 2x + Sy = i. 

px + qy = d. 

34. ax — oy = c, 

18. a;-my=a, ca; + oy=6. 

19 aa!-&y = c, 6oai + 7y = 2. 

cx-dy=f. gg aa; + 6y = c, 

20. oa; — y = 6, a«a;+6*y = c'. 
ca! + y = d ^ a! + 6y = l, 

21. 2a! + 7y = ll, « . „_Q 
5x-9y = l. a^^~ 

22. 3a! + 7y = -l, 88. |a! + fy = |, 
2a;-3y = 7. |a; + ^j, = i. 

NoTB. See Chapter X for problems relating to geometry. 
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SPECIAL SYSTEMS 

100. The study of graphs of systems of equations helps to 
interpret special cases. 

101. We have solved (Sec. 95) the equations 

ax -{-by =: e,' 
cx-\-dy=ff 

and found that 



ad — bc^ ad — 



be 

I. Let us give to the letters a, b, c, d, such values that 
ad — 6c = 0; for example, a = 2, 6 = 1, c = 4, d = 2. And let 
us give to e and / such values that de — bf is not ; for example, 
6 = 5, /=4. 

Then the above results become : 

6 12 

^=o'^=-o- 

The indicated division by zero means that the solution is impossible, Sec. 
44. There is no pair of values that satisfies both equations. This appears 
readily also by substituting the values 2, 1, 4, 2, 6, 4, for a, 6, c, d, «,/, 
in the given equations, which then become : 



2aj + y = 6,l f2a; + y = 5, 

4x+2y = 4,J \2x + y = 2. 



It is obvious that no set of values of x and y can make 2 oc + y equal to 6 
and also equal to 2. 



This condition can be illustrated 
graphically : 

For drawing the graphs of 

2x + y = 5 and 2a; + y = 2, 

the two lines are parallel. That two paral- 
lel straight lines do not intersect is the ge- 
ometric condition corresponding to the fact 
that a system of two incompatible equations 
has no solution. 




The two equations are called incompatible or contradictory* 
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II. Ketaining the values of a, h, c, d, above, let us give e and 
/ such values that the numerators of the result both become 
zero; for example, 6 = 6,/= 10. 

The result assumes the form : 











Under these conditions we have seen, Section 44, that x and y may 

have any values. But this may also be seen by reference to the equations. 

Substituting the values 2, 1, 4, 2, 6, 10, for a, &, c, d, 6, /, in the given 

equations, they become : 

2x + y-6. 

4a; + 2y = 10. 

It appears that the second equation is twice the first, and hence equiva- 
lent to it. Any values of x and y that satisfy the first, will also satisfy 
the second. 

We can choose arbitrarily any value for x and then determine a value 
of y to go with it by means of the first equation. For example, choosing 
X = 3, then 2 • 8 + ^ = 6, which gives y = — 1. These values of x and y 
satisfy both equations. Similarly, any value can be chosen for y, and a 
value of X found such that the pair of values satisfies the given system. 

The two equations are dependent. Every solution of one is 
a solution of the other. 

If we undertake to make the 
graphs of the two equations as 
given, we find that they lead to 
the same straight line. The 
two graphs are coincident ; every 

i I i point of the straight line is a 

common point of the two graphs. 
Any abscissa x is the abscissa of 
a common point of the graphs; 

I any ordinate y is the ordinate of 

a common point of the graphs. 

Note. The study of expres- 
sions which may assume the ex- 
ceptional forms mentioned above, 

especially those which may assume the form - , is very important, both 
from the point of view of later mathematics and the physical sciences. 



■ 9 • I 






J a ••>••••}■•••«••#••• a ■•••#•< 




• ••■••■• ••^•^••••■•■^ta«a*aAa«« 
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102. Number of Solutions. We have thus seen that systems 
of two linear equations in two unknowns may be classified as 
follows : 

1. Independent (the ordinary case, admitting one solution). 

2. Contradictory (admitting no solution). 

3. Dependent (admitting a boundless number of solutions). 

WRITTEN EXERCISES 

Construct the graphs of each of the following systems and 
classify them according to Section 102 : 

1. 3a; + y = 2, 4. x-^2z = 10, 7. 7a? + 14y=7, 
a; + y = 0. aj-f-32 = ll. x-\'2y=2. 

2. 2x — y=l, 6. a;=:26, 8. 12a; — 3y =8, 
4:X — 2y^2. y = 10. 3y-a? = 4. 

3. s — « = 6, 6. lOx-^- 5y = 25, 9. 2x — 3y = — 5, 
8 + t = 6. 2x+y=:5 x + 2y = S. 

EQUATIONS WITH THREE OR MORE UNKNOWNS 

103. The definitions and methods for the solution of two 
equations with two unknowns may be applied equally well to 
a greater number of equations and unknowns. 

To solve three linear equations with three unknowns, elimi- 
nate one unknown from any x>air of the equations and the 
same unknown from any other pair; two equations are thus 
formed which involve only two unknowns and which may be 
solved by methods previously given. 

Four or more equations with four or more unknowns may 
be solved similarly. 

104. Determinants of the third and higher orders have been 
defined, and can be used to solve linear equations with three or 
more unknowns, but the method is too complicated to be of 
practical value here. 
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WRITTEN EXERCISES 
Solve : 

1. 4a?-2y-f2 = 3, 4. 3aj-2«-f5 = 0, 
aj-|-3y-f22; = 13, 2a;-f-3y-21 = 0, 
-Sx + 12y-\-z=:21. 4^ + 72-69 = 0. 

2. 5a; + 4.v + 2« = 17, a?-4-t/ = l 
3x-2y-{-5z = 2, ' ^^ a' 
2x-y + 3z=:2. , 1 



6^ 

3y — a: — 2 = 2a, « + »= = • 

c 



3. a? — y — 2; = a, 
3y — as — 2 = 
72 — y — a5 = 4a. 



a-i-6 & — c a-f-c 



flg y 2 



a— 6 b—c a— c 



= 2 a, 



--1--^ — = 2a — 2c. 

a—o c—o a+c 

7. a; — y — 2 — 2«;= — 12, 
3a; — y — 22 + 8w = 40, 
4a? — 4y4-72 — 5io = 62, 
3a; — y-f-22 + t(; = 44. 

8. A and B can do a piece of work in 6 days ; A and C can 
do it in 9 days, and A, B, and C can do 8 times the whole work 
in 45 days. In how many days can each do it alone ? 

9. A sum of money is divided into 3 parts such that the 
first part exceeds the second part by $ 100. The annual in- 
come from the second and third parts, if invested at 6 % per 
annum, is $42. The sum of the first and second parts equals 
the sum of tlie second and third parts. Find the number of 
dollars in each part. 

10. A number consists of 3 digits. If 99 is added to it the 
sum is a number having the same digits, but in reverse order. 
The sum of the hundreds' and tens' digits equals the units* 
digit, and the units' digit exceeds the tens' digit by 1. 
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11. The sum of the digits in a certain number of three figures 
is 13; the hundreds' digit exceeds the tens' digit by 1, and the 
units' digit exceeds the hundreds' digit by 2. Find the number. 

12. Three casks together contain 79 gallons ; the second con- 
tains 3 gallons more than \ as much as the first, and the third 
contains 7 gallons less than the second. How many gallons 
are there in each ? (From a fourteenth century manuscript.) 

Note. Those who have studied geometry may take up here some of the 
problems based upon geometric properties found in Chapter X. 

QUADRATIC EQUATIONS 

105. Quadratic Equations. Equations of the second degree 
are called quadratic equations. 

A general form for quadratic equations in one unknown is 

aa? 4- 6aj -f c = 0, 

in which a, b, c represent any known numbers, except that a 
may not be zero. 

106. Solution of Quadratic Equations. 

(1) The incomplete quadratic equation 05* = a is solved by 
extracting the square root of both members. The roots are : 
»= ±Vtt. 

(2) The incomplete quadratic equation aa^-^-hx^Ois solved 

by factoring. The roots are x = and x = 

a 

(3) Complete quadratic equations are solved by completing 
the square. 

The process consists of two main parts : 

(a) Making the left member a square whUe the right member 
does not contain the unknown. 

This is called completing the square. 

It is based upon the relation (x -\- a)^ = x^ -{• 2 ax + a\ in which it aT>- 
pears that the last term, a\ is the square of one half of the coefficient of x. 

(h) Extracting the square roots of both members <md solving 
the resulting linear equations. 
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Square roots which cannot be found exactly should be indi- 
cated. 

EXAMPLE 

Solve: «"-8a?+9 = 0. {I) 

Trmnsposin^, 05* — 8 0! = — 9. f jf ) 

Completioflr the iqiure, a^ — 8 a; + 16 = — 9 + 10. {3) 

EeMTMigliigr. (« - 4)2 = 7. (^) 

Extraetliw the aqnara root, x ^ 4 = :^ V? . (5) 

Solving (5) for «. « = 4 ± V?. (e) 

(4) If any quadratic equation has zero for the right member, 
and if the polynomial constituting the left member can be fac- 
tored, the quadratic is equivalent to two linear equations whose 
roots can readily be found. (See Chapter XIII, Part I.) 

WRITTEN EXERCISES 
Solve : 

1. 3aj* = 18. 3. iB*-6aj-h6 = 0. 6. <«-2^-6 = 0. 

2. aj»-5aj = 0. 4. aj«-|-4aj-3 = 0. 6. 8y = 5p. 

7. a^.Hla. + 24 = 0. ,^ ^= » _^2^^^35^ 

8. 6a^-13a; + 5 = 0. 4 aj-8 6 

9. 152^ + 134y-h288 = 0. 11. -^ + ,-^^ ^ = 0- 

y-3 1-y y-2 

-„ 6 — 2t(; , 6-l-w w? — 6 

!*• Tr'T'z = ;; • 

W-2 3-hw 2-w 

13. 7(7-«)(«-6)-|-3(5-«)(2-«)-40 = 0. 

14. Find two numbers whose sum is 10, and the sum of 
whose squares is 68. 

Suggestion. Let x represent one number, and 10 — x the other. 

15. A room is 3 yd. longer than it is wide; at $1.75 per 
square yard, carpet for the room costs $ 49. Find the dimen- 
sions of the room. 

16. A man bought for $300 a certain number of oriental 
rugs, each at the same price. If he had bought rugs each 
costing $ 40 more, he would have obtained 2 fewer rugs. How 
many rugs did he buy ? 
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17. A dealer bought a nnmber of similar tables for $153. 
He sold all but 7 of them at an advance of $ 1 each on their 
cost, thus receiving $ 100. How many tables did he buy ? 

18. A man invested $6000 at a certain rate of simple 
interest during 4 years. At the end of that time he reinvested 
the capital and the interest received during the 4 years at a 
rate of interest 1 % lower than at first. His annual income 
from the second investment was $ 372. What was the original 
rate of interest ? 

19. A rectangle whose area is 84 sq. in. is 5 in. longer than 
it is wide. Find its dimensions. 

20. A certain number of men hire an automobile for $156. 
Before they start, two others join them, sharing equally in the 
expense. The amount to be paid by each of the original renters 
is thus reduced by $13. How many men were there at first? 

21. A man rows down a stream a distance of 21 mi. and 
then rows back. The stream flows at 3 mi. per hour and the 
man makes the round trip in 13^ hours. What is his rate of 
rowing in still water? 

22. The product of a number and the same number increased 
by 40 is 11,700; what is the number? 

23. If each side of a certain square is increased by 5 the 
aorea becomes 64; what is the length of a side? 

24. Find two numbers whose sum is 16 and the difference 
of whose squares is 32. 

25. A number multiplied by 6 less than itself is 750. Find 
tlie number. 

26. The product of two consecutive even numbers is 728. 
Find the numbers. 

INTERPRETATION OF RESULTS 

107. Interpretation of Results. After the conditions of a 
problem have been expressed by equations, and the equations 
solved, the result must be examined to see whether it is 
admissible under the conditions of the problem. 
5 
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EXAMPLES . . .. ; ,, 

1. Find three consecutive integers sucli that their siim shdll 
be equal to 3 times the second. 

Soluti6n. 1. Let x = the first 

2. Then, z + 1 = the second, ' 

3. and « -f 2 = the third. • = . ; - • 

4. .-.3;+ (« + !) + (5c4-2) = 3(a; + l). ..... r 

6. .-. (3-8)(a; + l)=0, orO(x + l) =0. 

Intbbpretation of thb Result. The equation detetmincis no padv 
ticul^r value of x ; it exists for. every Vidue of x. Con^quent)y, eyery 
three consecutive integers must satisfy the given conditions. 

2. Find three consecutive integers whose sum is 67, and. the 
sum of the first and third is 40. ^ • - ^ 

SoLUTibN. 1. Let z = the first. ■••.■■' 

2. Then x + 1 = the second, 
8. and X + 2 = the third. j ,, 

4. Then, X + (« 4- 1) + (x + 2) = 57, ' ' / ., 

5. and x + (aJ + 2) = 40, by the given conditions. 

6. From (4), x = 18. ;...•.; . ....^ 

Intebprbtation of the Result, x = 18 will not satisfy equation (5); 
therefore no three consecutive integers satisfy the problem. ■ '' ^ -- 

3. The town 6 is d mi. from A ; two trains leave A and B 
simultaneously; going in the same direction (that from -A 
towards B), A at the rate of m mi. per hour arid B q mi. j)6t 
hour. How far from B will the trains be together?' « v 

» * ' 

Solving this problem by the usual method, we find as the result ^ . 

«» J- g 

Interpretation of the Result. If d is not equal to 0, and if 91^ = g^< 

th^ result assumes the form ^ . This means that the problem is impossifble 

under these conditions. This is evident also from the meaning of rw an^ 
q in the problem. If the two trains go in the same direction at the same 
rate, the one will always remain d miles behind the other. 

If, however, d = 0, and w» = g, the result assumes the form -, which 

... ...•., JO ).> ' 

equals any number whatever. This also agrees with the conditions pf the 
problem. If (2 is zero, B and A are coincident, and the two, trains are' 
together at starting. If 7^ = g, they both run at the same rate, and always 
remain together. They are therefore together at every distance from B. 
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WRITTEN EXERCISES 

Solve and interpret the results : 

1. Fifteen i?lerk» receive together $ 150 per week ; suppose 
that some receive, $8 and others $12 per week/ How many 
would there be receiving each salary ? 

2. A tr^-iu starts from New York for Richmond via Philsr 
delphia and Baltimore at the rate of 30 miles an hour, and 
two hours later another train starts from Philadelphia fot 
Richmond at the rate of 20 miles an hour. How far beyond 
BaltimoBe -will ttie first train overtake the second, given th^t 
the distance from New York to Philadelphia is 90 miles and 
from Philadelphia to Baltimore 96 miles? . ^ 

3. If the freight on a certain class of goods is 2 cents per 
ton j)er mile, together with a fixed charge of 6 cents per tori 
for loading, how far can 2000 tons be sent for $80? 

4. Find tliree' consecutive integers whose sum equals the 
product ot the first and the last. ■ 

5. The hot-water faucet of a bath tub will fill it in 14 
minutes,^ th^ cold-water faucet ii^ 10 minutes, and the waste 
pipe will empty it in 4 minutes. How long will it take to fill 
the tub when both faucets and the waste pipe are opened? 



»* 



REVIEW 

WRITTEN EXERCISES 
Solve: 

J a? + 3 _ a?~l . , ' ^ a; 4-150 ^6 

x — 1 aj+.s' , * aj-f50 5" 

2. a^-14aj + 33 = 0. g, 4a? + 19 = 6aj- 1. 

3. a + - = c. t, A ^ a 

4. 2x+3{4:X-l)=5(2x+7), ^ 

r ^A K/O X A\ O/ ,1N 10. 3 0? — 40 = 100 - ^• 

6. 14,a; — 6(2aj+4).= 3(a?+l). 2 

^ 3aj 4a; . ^/v ,- -- x « a? , 2_oj^ 
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12. 2^ + 4 = ^-2. 22. 120_i20_^2 

3 6 SB a; + 3 

13. 2x-?^-p^ = 35. 28- «(7-a;)=12. 



24. aj*-8a = 9. 
16 ' "" '^^^' 25. ^±1 + 



14. f| + 875 = 4000. ^^ 0.4-7. 0. 5 



16. 7a? + 4-15a; = 6a;H-2. ^ ^"^^ ^ 

16. 6a. + 4 = 9a: + l. ^^' 2/^ + 32^=70. 



17. ^ ^ 



27. »«-32; = 70. 



a;-f60 3a?-5 28. 11 m« - 10 m = 469. 

^g 2(2a-&cc) ^a 90 27 _ 90 



3 62 6 



29. — 

r r+2 r+1 



19. -J??_=?. 30 12 8 _ 32 

20. 100aj-iB*=-2400. 31. 2y-3y + l20 

21. aj(aj4-4)=45. =42^-6y + 132L 

32. 7a?2_10a? = 120+4«*-19aj. 

33. (5 0? - 2)(6 a? 4- l)-(10aj + 3)(3 a? + 10)= 0. 

34. (2aj-3)(a?4-l)-(3aJ-7)(a?-4)=36. 

36. -^ + -^ = ;r^' 38. ?=7, 
a? + 2 aj-2 2a?-3 y ' 

36. 2a: + 52, = 6, 2a.-102, = 3y + 2. 

4aj4-lly = 3. 3^ 7y-6 _l 



37. 5 a? — 32^ = 1, 
13aj-82^ = 9. 



3a?4-4 2' 

4y-5 ^1 

2a? + l 3* 



3a;4-2y + 5 a?-3y-18 . y-3a? + 3 _o 

*^- 2 "^ 6 ^ 6 "^' 

2fl;-4j/ + 6 _ ^ 

y — ox + 11 

41. 62 = 43-5^, 42. .3aj4-42^ 4-2« = — 4, 

32 = 37 -4 a;, 2aj-52^-«=9, 

42^ = 55- 5 a?. — 4a? + 22^ + 32 = — 2a 



EQUATIONS 61 

43. y — ^ — ^ x-z _2 x — y _l^ 
x + y 5' y-i-z 3' x + z 4* 

44. (2;-2)(aj + 3) = (aj-l)(2-l), 

(2 + 8)(2/-2)-(y + 2)(2; + 2)=0, 
y(3-2aj) + (2 2^-3)(l + aj)=0. 

45 3 3a;'-hl4 l + 3a? 3a?_Q 

2aj + 10 7(4-3?) 5 + aJ 7 

46. 2(2x + Sy)^^(^-^=:9, x + y=.l. 

o 4 

47. A rectangle whose length is greater than its breadth by 
1 yd. has an area of 6 sq. yd. Find its dimensions. 

48. A square (2x — 3) ft. on a side has taken from it a 
square x ft. on a side. The remaining area is 24 sq. ft. ; find 
the side of each square. 

49. The product of two consecutive numbers is 380; find 
the numbers. 

50. The product of two consecutive even numbers is 840. 
Represent the smaller by 2ri and find both numbers. 

51. In a certain election 36,785 votes were cast for the 
three candidates A, B, C. B received 812 votes more than 
twice as many as A; and C had a majority of one vote over 
A and B together. How many votes did each receive ? 

52. In a certain election there were two candidates, A and 
B. A received 10 votes more than half of all the votes cast. 
B received 4 votes more than one third of the number received 
by A. How many votes did each receive ? 

63. A group of friends went to dine at a certain restaurant. 
The head waiter found that if he were to place five persons 
at each table available, four would have no seats, but by plac- 
ing six at each table, only three persons remained for the last 
table. How many guests were there, and how many tables ? 

54. A flower bed of uniform width is to be laid out around 
a rectangular house 20 ft. wide and 36 ft. long. What must 
be the width of the bed in order that its area may be one 
third of that of the ground on which the house stands? 
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66. Wood's metal, which melts in boiling water, is made 
Tip of one half (by weight) of bismuth^ a certain amount of 
lead, half that much 2inc, and half as much cad^iupi as zinc. 
How much of each is there in 100 lb. of Wood's metal ? 

56. If in the preceding Exercise f as much cadmium as zinc 
is used, a different metal is formed. How many pounds of 
each constituent metal in 100 lb. of. this m^tal ? ' 

67. A cask contains 10 gal. of alcohol. A certain number 
of quarts are drawn out ; the cask is theii filled up SVith water 
apd the contents thoroughly mixed. Later, tw^ce as m9*ny 
quarts are drawn out as the previous time and the cask fille^ 
up with water. There now remain only 4.8 gal. of alcohol 

in the mixture. How many gallons were drawn out a£ first* ? 

•' • » • -^ ' •• ,• 

SuooBSTioN. Let X = the number of gallons first withdrawn, , Th^n 
10 ^ z r= the number of gallons left. , 

When the cask is filled again with water any part of the mixture ia 

^^""^ alcohol. Then, ^^ ~ ^ of the 2 a; gallons of mixture withdrawn 

the second time is alcohol. Hence, 10 — a; — ( — : — ^ |2 x is the number 
of gallons of alcohol left in the cask. ^ ' 

68. How much wat^r must.be added to 30 oz. of a 6 % solu- 
tion of borax to make a 4 % solution? 

69. How much acid must be added to 10 qua|*ta of a 2 ^ 
solution to make a 6 % solution ? 

60. Alcides was asked, '*^How many are there of your 
numerous herd ? " He replied : " If I had 6 less than twice a^ 
many more, the number would be 306. Find the number." 

61. A courier went from Paris to Grenoble, :^.20 leagues, in 
4 days> each day's journey being 2 leagues shorter than that Qf 
the preceding day. How many leagues did he travel each 
day ? (Ozanam's Algebra^ 1702.) 

62. Two messengers, A and B, set out towards each oth^r 
from two places 69 mi. apart, B starting 1 hr- after A. A 
goes 7 mi. in 2 hr., and B 8 mi. in 3 hr. How farnVill A 
have gone when he meets B ? (Newton's Arithmetka 
Universaiis, 1707.) 
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» 68. A merohant bought a certain ' number of platters for 
i^366. Three were broken during shipment. He sold ^ of the 

remainder for $75 at a profit of 25%. Find the number of 

plattens thought and the price per platter. 

64. A cei^taih hall contains both gas jets and electric lights'. 
When 60 ^as jets arid 80 electric lights are used, the cost for 
an evening is $4. If 90 gas jets and 60 electric lights ai« 
used, the cost is $4.05. Find the cost per gas jet and electric 
light. .' 

65. A tailor paid $ 12 for 4 jA, of cloth and 8 yd. of lining. 
At another time he paid $ 21 for 6 yd. of the cloth and 16 yd. 
of the lining. Find the price of each per yard. 

66. Two wheelmen are 328 ft. apart and ride toward each 
other: If A starts 3 seconds before B, they meet in 14 seconds 
after A starts ; or if B starts 2 seconds before A, they meet in 
14 second^ after B starts. Fi^d the rate of each. 

' 67. A man had a portion of his capital invested in stocks 
paying 6 % dividends, the remainder in mortgages paying 5 %. 
Hi§ annual income was $ 700. . The next year the dividend on 
the stock was reduced to 5 %, but by reinvestment he replaced 
his old mortgages by new ones paying 5^%. Hia income for 
tl^^s year was $ 690. How much had he invested in stocks ? 
Also in mortgages ? 

.68. A company at a tavern, when they came to pay, found 
that if the same bill were divided among three persons mqre. 
the amount would be one shilling less per person; and, if it 
were divided among two persons fewer, it would be one shilling 
more per person. Find the number of persons in the original 
compariy, and the amount of the bill. (Saunderson's Algebra, 
1740.) 

69. One person says to another, " If you give me three of 
your coins, I shall have as many as you." The second person 
replies, " If you give me three of yours, I shall have twice as 
many as you have." Find the numbers that each has. (Ozar 
nam's Algebra, 1702.) 
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70. A coach set out from Cambridge to London with four 
more passengers outside than within. Seven outside passengers 
could travel at 2 shillings less expense than 4 inside passen- 
gers. The fares of all the passengers amounted to 180 shil- 
lings. At the end of half the journey the coach took up 1 
more inside and 3 more outside passengers ; these paid -^ as 
much as the others. Required the number of passengers and 
the fare of each. (Bland's Algebraical Problems, 1816.) 

71. Seven years ago a man was 4 times as old as his son; 
7 years hence he will be only double his age. Find the age 
of each. (Simpson's Algebra, 1767,) 

SUMMARY 

The following questions summarize the definitions and pro- 
cesses treated in this chapter : 

1. State the general form of a linear equation with oiie un- 
known, and the formula for its root. Sees. 86-89. 

2. When is a system of equations simultaneous ? Sec. 93. 

3. State the general form of a system of two linear equa- 
tions with two unknowns. Sec. 95. 

4. State two methods of solving simultaneous equations. 

Sees. 94, 95. 

6. What is the general form of the values of the unknowns 
in simultaneous equations with two unknowns ? Sec. 95. 

6. What use may be made of determinants in solving simul- 
taneous equations ? Sees. 97, 98. 

7. What is the general form of quadratic equations with one 
unknown ? Sec. 105. 

8. Name two kinds of quadratic equations, and the method 
of solving each. Sec. 106. 



CHAPTER III 



EXPONENTS AND ROOTS 



LAWS OF EXPONENTS 

108. Prepabatory 

1. What is the meaning of a» ? Of a*? Ofa»? 

2. What is the meaning of V^? Of \^? Of Va«? 

4. c^-iro^^? a*-!-a«=? a»-*-a«=? 6"»-i-&* = ? 
6. (a»)» = ? (a')» = ? (c»)*=? (aj«')8:=:? 

109. We shall soon define negative and fractional exponents, 
bnt until this is done literal exponents are to be understood to 
represent positive integers. 

110. Law of Exponents in MultiplicatioiL 



= a • a • a ••• to m factors, 

= a • a • a ••• to r factors. 

= (a • a • a ••• to m factorB)(a • a • a ••• to r factosB) 

= a-a>a*a — tom + r factors 

= 0*"+% by the definition of exponent. 



For 


a* 


and 


a' 




.% a* • a' 



Similarly, 



ORAL EXERCISES 
Multiply : 

1. a« . a*. 4. m} • ml 7. (- 1)» • (- 1)». 10. 2» . 2» . 2». 

2. a? • a». 6. a? . a?. 8. 6« • 6«. 11. 7 • 7« - 7». 

3. a*a^. 6. 2«-2^ 9. 5 • 6 • 5«. ^8. 3 • 3* . 3«. 

13. (- 1)1 . (- 1)» . (- !)•. 14. (- ay . (- o)* . (- a). 

66 
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111. Law of Exponents in Division. 

IL ^ = ar^, if m>r. 

a' 

For a^ := a ' a * a "' m factors, 
and a' = a • a • a ••• ff factotb. ' ' ^ ' » 
. «* a ' a "*m factors 



<f a ' a •-• r faotorB. . .' . . ; • : ; / f 

= a ' a ' a — m^r factors, canceling the r &ctoz8 from both 

terms ^ .»• j '.-?<»,»' ^ *• • - •/ hi 
= a"*~% by definition of exponent 







/ .■ • 1 . J ' 


, . ''f M"*! 




.» ' 


OrtAL EXERCISES ^ 


. '■ .'• ; 


DiTidei " 




.. -r \ ■-. , • -.f . . . .»; 


. ! ( .'/ •■ 


'•^• 


6. 


a* 6* 


13. ^V. 

' a; f 


)3.. ., -rr« 1 ..., 


6. 

• 

AT. 


i=4\ 10. «V • 

(-!)• „ 47n* 

bit.' "• -17- 


14. "»^. 

,16: is?. 




8. 


i^. l5^ «^.' ' 

(oft)- ' . " 1 a ; .,' • 





112. Laws of Exponents lor Poweis. 

IIL (a!^y=^fr'. 

,F)or , Ha^y = 0,"^ ' a"^ ' a"*, v*. to r factors . , 

= (a o, a -v to m factors) (a, • ck;** to m factors) to r such 
. . psirent^heses . 
= a • a • a ••• to mr factors 
= a"", by definition of exponent. ' ' ' - - 



6raL EXkRClste 



t/ 



. Apply, this kwlp: , ,.,,.., 

l.,'(4')». _, 4. (a»)V. ... 7- i^*- . 10. [(6)*]*. 

;2.j3^' „ 6. (af. . 8. (a?)'. .11. [(-a)»]«. 

8. m«. 6. (o')«. 9. (2^)«. 12. [(-8m 
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IV. (aby = ^t^. ^ .^ \ in 

FOP ' (a6)» =(a6) • (aft) -^to n factors * 

' ^'i =&.Ca • a ••• to n factor8)(&** & ••* to n faotoxs) 

^ i ;- r = (Tft'*, by definition of ezpodebiL 

. S^mil^^y, {dbe — )* = a»6»c» —. ... 



4 i 



ORAL EXERCISES 



> .' ^. i_.^t. ,■ . • . 



Apply this law to : 

1. (8.3)«. • 41 lC«t^)V ' *7. t^ii^- 10. (ajV)l 



• ^ • • 



ti •;• \»/.'*t»" 



For f?V = ?•?•••■• to ntictom 

\6/ o 



I 



» ■ . • « ■ • ' i 



I I, 



i ^ ' A 



• 



_ g . o ... to n factoia 
~ 6 . 6 ... to n factors * ' 

=^, by definition of exponent. 



ORAL EXERCISES 
Apply this law tor 



tf - • 
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113. CoOeGted Laws of Exponents. 

L a"-cr = a~+'. Sec. no. 

IL a* -»- a' =s cT^. (m > r.) Sec. 111. 

in. (ary^tir. Sec. 112. 

IV. {ahy = o«5». Sec 112. 

V. (f\~. Sea 112. 

FRACTIONAL EXPONENTS 

114. Hitherto we have spokep only of positiye integers as 
exponents, the exponent meaning the number of times the 
base is used as a factor^ This meaning does not apply to 
fractional and negative exponents, because it does not mean 
anything to speak of using a as a factor } of a time, or — 6 
times. But it is possible to find meanings for fractional and 
negative exponents such that they will conform to the laws of 
integral exponents. 

115. Pbeparatoby. 
Find the meaning of a>. 

Assaming that Law I applies, a^ ^c^ =^ c^^^ = <h 
or (a*)« = a. 

That is, a' is one of the two equal factors of a, 

or, a^=^Va. 

Thus, the fractional exponent \ means square root. 

Similarly, o* • o* • a* = cS^^ = a, 

or, (a»)« = a. 

That is, a' is one of the three equal factors of Of 

or, a* = v^. 

Thus, the fractional exponent \ means puhe root. 
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WRITTEN EXERCISES 

Find similarly the meaning of : . 

1. a^. 8. aj^* 6. n*. 7. m*. 

2. a* 4. 6*. 6. ci 8. o*. 

1 

116. The meaning of a" is found as follows : 

AssomiDg that Law I applies, 

111 . l-f-+l-|-...toiilniiM 

a*«a»*a* — to nfactor8 = a* * * 

*.l 
= a * 

= a^ = a. 
1 1 

That is, a** is one of n equal factors of a, or a^ = Va. 

117. Pbepabatory. 
Eind the meaning of a>. 

Assnining that Law I applies, a* -a* ' a^ = a* = a*, or (a»)* = rt*. 
That is, a' is one of the three equal factors of a^, or a'=v^. 

lis. The meaning of a^ is found as follows : 
Assaming that Law I applies. 



p 


p p 
• d^ • d' •• 


• to q factors = 








^ 






P 






That is, 


a< is one 


of the 9 equal factors of a', 


or. 




aU^aK 




Similarly, 




? l.p 
a9 = a9 


= (*^)|'. 


Tn words : 









p 
a with the exponent - denotes the qth root of the ^th power of 

a, or ^^ i^h power of the qth root ofz,. 

This definition applies when p and q are positiye integers. The mean- 
ing of negatiye fractional exponents is found in Section 127, p. 76. 
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ORAL EXERCI6ES V . 

State the meaning of : 

1. 5* 3. i*. • 

2. di. '* 4. A '* 

Find the value efr:. ' • 
9. 8*. 10. 16*. 



■ • . ,'■■■'' . 


• . ! . : 1 . . 1 


6. 4* • 


7. ^» ' 


6. bK ' 


8. c*. ' 




■ ' ■( ■*( ! 


11. M ' 


i2. 32*; ' 



WRITTEN EXERCISES 

Sixpress with fractional exponents : 



I • 



•. • * 



1. </c?. jj */32aW 80. Va. 

2.^. •^_^* .2i:.'-v^v^.."'^.; 



3. ->/rm.^ 



«• r » 



?»•. •^- . = ....: ,. 



12 V/i^*. 



:M 



7. \l^. J— Jse! n/^. 

^4 16. Vo + 6 

16. Vo» + V. 






8 

X 



27. "\/a"6*. 

17.,^. .VS. ,., 28. y^.vi. 

9. ^I6ay. 18. ^/Zr^.^/ZTft. 29. VHftc: 

10. Vm-v^-v^. 19. Via'- b)\ 30. -^^ • V^- .. 

119. The definition of positive fractional exponents has belen 
found. as a consequence of the assumption that Law I applies 
to them. It can be shown that the othe^ laws of Section 113, 
p. 68, also apply to this claims' of ^^potieiits, sus thu^ d^fiAed^ 
ai\d .we .^hall 30 apply them, although, the proof > is; omitted 
here. ■ •' ' ■. .••-.' •.■>':••... ». -.. 
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120. According to lia^.I^(Se(\113)rfC^n the hoMs are the 
barney the exponent of the product is found by adding the exponents. 

For example : a^ >a* := o**"* = a*. 

A genera} formula for this statement iS| 



The numher a, or the base, must be |be same in all factors^ Whei it 
IS not, arin o^"^ h% ihe produc^cannot be found by adding U}e ezppne^ita. 



:.Vl 



WRITTEN EXERCISES 

• . ^. ■ • , . '. ■ . ; . - •> • ..: . . 

. Find the products : . 

1. a*.o» 6. ai.aK u ^J 

3. 7l.7«. • 8- a*, a*. . ^2. a^^-af. 

4. a*.o*. ^. »^"^. "• p'.pi.p. 
6. 6* • 6^ ' 10. a* • or. 14. rt* • a^ -a*/ 

121. According to Law II (Sec. 113), when the hoMS are the 
sam€y the exponent of the quotient is found by taking the difference 
between the exponents. 

For example : a^ -i-a*=^ a\* =^ci'; , . 



• ♦ • 



4, T 



I 1-1 \ 



A general formula for this atatement iS| 



M p 



~ is here supposed to be greater than ^, but this restriction will be 
removed later. 
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WRITTEN EXERCISES 

Find the quotients : 



1. 


a* •+• a*. 


2. 


a-^d". 


3. 


1 
a-ha\ 


4. 




6. 


aUo*. 


6. 


^ •¥• 0!^. 



7. 


ai^ai. 


12. 


m p 


8. 


«* + x\ 




1 1 






13. 


m^ -!- m\ 


9. 




14. 


eUeJ. 


10. 


©•*©'• 


15. 


m* -f- m ■ . 


11. 


6U5i 


16. 


p^-hp^. 



122. According to Law III (Sec. 113), when an eaponent is 
applied to a baee having an exponent^ the product of the exponents 
ia the eaponent of the resuU. 

For example : (a»)* = a^'^ = a^ = €L 

A general formula for this statement is, 

(o") « = o" ■ • = o"». 

ORAL EXERCISES 

Simplify by applying Law III : 

1. (2*)* 6. (6*)*. 9. («*)*. 18. (o*)*. 

2. (3*)» 6. (o*)*. 10. (y»)*. 14. (o*)*. 
S. (SV- 7. (a*)* 11. (6*)* 16. (10*)*. 

4. (6*)». 8. (a*)* 12. (3*)*. 16. [(a+6)*]*. 

17. [(0-6)*]*. 18. [(a»-6«)*]*. w. [(«• - jry;f. 



EXPONENTS AND ROOTS 73 

123. According to Law IV (Sec. 113), an exponent affecting 
a pi'oduct is applied to each factor, amd according to Law V 
(Sec. 113), an exponent affecting a fraction is applied to both 
numerator and denominator. 

For example : 

(8 Qfiy^e)^ = S^x^yh^ = 2 x^h^- 

ni p flip mp p 

A general formula for an exponent affecting a fraction is, 



M r 



/a^\' __ o~ ' 



WRITTEN EXERCISES 
Simplify by applying Law IV: 

1. (a»y»)i. 6. (16 xY)^. 9. (86a«y)i 

2. (a'biy. 6. (a%n»-)i. ^o. (^ ^^^'^'Y ' 

3. {(Tb-yp 7. (27a"6»c«)*. /fMaJJxJ 

*• (^V)^ 8. (mMpV. ''• ("ITV * 

124. When the bases are different and the fractional expo- 
nents are different, the exponents must be made to have a 
common denominator, before any simplification is possible. 

For example : a-6» = a^b^ = {cfib^)^, 

A general formula for this statement is, 

« p mff lip 1 

a"6« = a"« . 6**« = (a"" • &'*)"«. 

This is simplifying by reducing exponents to the sam£ order* 
6 ' 



74 A HIGH SCHOOL ALGEBRA 

WRITTEN EXERCISES 

Simplify by reducing the exponents to the same order : 

1. a* • 6». 6. a* • 6*. 9. m» • n* -p*. 

2. a* -6* 6. 6*. 6* 10. m* • n* -+• f;*. 

Ill 

3. V* . b\ 7. 6* . 6* 11. p" . g* . r«. 

4. a* . 6* 8. a* -*- 6* 12. a?' • y * • 2*. 

125. It is usually preferable to indicate roots by fractional 
exx)onents instead of by radical signs, since operations are thus 
more easily seen. 

COMPARISON 
Bt Radioalb Bt EzponxiB 

1- y/ay/a=VcfiVc?= y/i^=\/ifi. aUi = aUi = ai+i = al 



WRITTEN EXERCISES 

Simplify by use of fractional exponents as in the examples 
above : 

1. 2*. 6*. 9. V81?*. 17. 3*. 2. 7*. 

2- V^. 10. V6.V76. 18. 3.6*.2V3. 

3. V8.3V2. 11. (16aj*p)i. ^^ /49 aM 

4. 2V3.3.ViO. 12. </32 aV. ^^^*>' 

6. 2-^.3</2. 13. VM^aW. 20. <W^. 

6. 5*. 3. 5* 14. V64 mW. 21. '^7^</2& yz. 

7. Vr.lli. 16. (49a*6«)i 22. v'av^S?. 

8. -8V2.I2V3. 16. <^2a%«. 23. V</4^. 
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24. -V12.2V3, 82. V32.V2. 40. V^gTS 
26. aVF.ftVi 33. (a«6<^)«. ^^ </;^^^,, 

26. (V2-V3)2V3.«*- K^^)^ ,^ 

^^ , 42. VxyV27a*. 

27. 3i(6i-2.6*). '*• V6o6.V2a. 

28. («</5)». 8«- [2a(4a*)*]'. «' "W* ' K«^*. 

29. Va«6»- 5"^- 11* • 11* • 11*. 44. 3V9a.3* 

30. \/8a»6». 38. ^m*y/m\ 46. 6\/^.2\/aflc. 



31. (27xf)i. 89. V</8l?. 46. 3V8.2^6.3\^ 



MEANING OF ZERO AND NEGATIVE EXPONENTS 

126. The meaning of a^ may be found as follows : 

Assaming that Law I holds f or o^, a^^aP = a'^+^ 

= a». 

Dividing by a», €fi = ^ = l. 

That is : 

Any number (not zero) toith the eoBponent zero equals 1. 





ORAL EXERCISES 






State the value of : 








1. (ahf. 


6. (-.3)». 


10. ^.0^. 


15. 


a)'. 


2. .y. 


6. ihr- 


11. aW. 


16. 


.9 -f- 100», 


8. lOO*. 


7. (-^)^ 


12. a*. 6^. 


17. 


9^ . 6«. 


A. /'«Y 


8. 3«.3». 


13. a* -*- a®. 


18. 


30 . 27«. 


*-y- 


9. 3«.6». 


14. 4»+4». 


19. 


(2» . 3«)«. 
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127. The meaning of the negative exponent may be found 

as follows : 

Ay mming that Law I holds for negative exponents, 

5-8 . 5+3 - 5-3+3 _ 50 - 1. 

That is, 5-' is a multiplier such that its product with 6+^ is 1. But if 
the product of two numbers is 1, one is the reciprocal of the other. 

Therefore, 6-« is the reciprocal of 5* which is—. 

Expressed in general terms : 

_^ 1 

In words : 

a"" means —jf(yr all values of n, positive or negative^ integral 

or fractional. 

ORAL EXERCISES 

Find similarly the meaning of : 

1. 4-^ 3. (f)-». 5. a-». 7. (I.)-!, 

2. 2-*. 4. (-6)-«. 6. o"*. 8. (-i)"*'. 
State the value of : 

9. 4"*. 13. 16"i. 17. 32^. 21- «"*• 

10. 8-*. 14. 16-i. 18. 27-». ^2. (a»)-^ 

11. 8"*. 16. .125"*. 19. .36"*. 23. a"*. 

12. (.2»)i 16. .125"*. 20. 64"*. 24. a"*. 

WRITTEN EXERCISES 

Perform the operations indicated^ admitting negative expo- 
nents to the results : 

1. (4« . 6«)-i. 3. 2» . 2ri. 6. ?I^. 

2. 2" . 2-«. 4. 2^ . 2^. 6. 10-» • 10» • 10». 
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7. 2-i>2i. 9. 3*.3"^.4». U. 10' • 10"^ 

8. 27^.9i 10. {ar^y. 12. aP - aK 

13. ^t^W' . </W\ 18. ?L-(ora-H-i)). 



14. ^m^.-^lQ^. , , ^ 

19. a» • a >(or a»^). 

16. (10-*. 10-')* I 

' . 20. 4(ora*-(-l>). 

16. (10~*.10*. a'^ 

17. 10* . 10* . 10* . (1)0. 21. (a"*)"* (iB-y. 

USE OF ZERO, NEGATIVE, AND FRACTIONAL EXPONENTS 

128. We have defined zero and negative exponents so that 
Law I holds for them. It can be shown that the other four 
laws hold for these ex|K)nents as defined, but the laws will be 
applied here without proof. 

129. The relation a"» . a* =s a® = 1 can be used to change the 
form of expressions. 

I. To free an expression from a negative exponent, multiply 
both numerator and denominator by a factor that will so combine 
with the factor having the negative eocponmit as to produce unity. 
If Tnore than one negative exponent is involved, apply the process 
for eaxih, 

78 . 7-» . 2* 2* 



For example : 7-' . 2* = 



78 78 



5-6 ft6 . 5-6 1 

a.-2_ f6a;a.a.-2 _ ^ 



WRITTEN EXERCISES 

Write equivalent expressions without negative exponents : 

1 3"' „ a~^b-* o o -i A «^~* 

1. — -. 2. — . 3. 2a ^. 4. — r-^. 

2-» »-* 6-»ic* 
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5. p. 7. ^. 9. ^.. 11. ^ 
6-* a— c-» 5'hf 

6. "^ ^ . . 8. ^. 10. a"*6-«. 12. ^ 



IL To free an expression from a fractional form, multiply 
both numerator and denominator by a factor that, in (xmbination 
with the denominator, will produce unity. If more than one such 
form is involved, apply the process for each. 

For example : 





— = i= U T» i 




also, 


2 , a» _ 4» . 2 aj-Vd* 
4-« a!»y-» 4* . 4-» je-yxV* 

_1& 2 , a;-Vo" , 






■ (x-»Ka)(if8y-«) 






= 2 . 4» + a^r- V. 






WRITTEN EXERCISES 




Tree from fractional forms : 




1 ^ 


6a» 5« 2» 


7. *,+ '^. 
y-l or* 


2 1 




8 «4.«"* 



III. To transfer any specified factor from the numerator into 
the denominator, or vice versa, multiply the numerator and de- 
nominator by a factor that, in combination with the factor to be 
transferred, wUl produce unity. 

EXAMPLES 

1. Transferring the factors of the denominator to the numerator : 

2. Transferring the literal factors of the numerator to the denomi- 
nator : 

6 o»&a ^ 6 a-^h-^am _ 6 

4a*6-« 4 a-86-2a42,-» 4ad-»* 
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WRITTEN EXERCISES 

In the following expressions : 

(a) Transfer all literal factors to the numerator. 
(6) Transfer all literal factors to the denominator. 

• «V 11 Cory «• ^;^j^- 7. ^^. 

130. The laws of exponents enable us to perform operations 
with polynomials containing fractional and negative exponents. 

Thus : (a* + 6*)* = («')* + 2 ah^ + (6^* 

= a* + 2aH* + 6. 

WRITTEN EXERCISES 

Perform the indicated operations, admitting negative expo- 
nents to the results : 



1. 

2. 

3. 
4. 

5. 
6. 

7. 



a*-6t)«. S. 4=^. 

, , »• (iB"-jr)*. 

«+*)*• 10. (a**6*-l)«. 



«- + l)(ar» - 1). 12. (a* + r)«. 

a?* H- 3) (x* + 6). 13. (a*6*+aj"*)(aM-ar*). 



Express as a product of two factors : 
14. sd^-^vfT^ 18. 3^-^-ar». 

16. a« — 2a^* + aji 19. af-4. 

16. a*» + 2 a»6* 4- &*•. 20. l + 8a?'^ + 16ar» 

17. aj**-4a:*'2^+4y*». 21. a?" + 6 «"y"* -h 9 y^. 
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EVOLUTION 

Square Root of Binomials of the Fonn a + V6 

131. Binomials of the form a + V^ can often be put into the 
form aj + y 4- 2Vxyf or ( V» + Vy)', and hence the square root> 
V»+ Vy, of the binomial can be written at once. 

EXAMPLES 

1. Find the square root of 4 -f- 2 VS. 

4 + 2>/3 = 3 + 1 + 2 VSTT. 

Hence, x + y = 3 + 1 and xy = 3 • 1, from which x = 3 and y = 1. 



••• VT+2V3=±(V3+VI) = ±(V3+1). 

The coefficient of the radical mast be made 2 in order to apply the 
formula x + y + 2 Vxy. 

2. Find the square root of 3 — VS. 

3 -\/8 = 3 - Vn = 3 -2v^. 
.'. X + y = 3, and xy = 2. .•. x = 2, y = 1 by inspection* 

3. Find the square root of 7 -f 4 V3. 

7 4-4V3=:7 + 2V4.3; x + y = 7, xy=12; .-. x = 4, y = 3. 
.-. V7 + 4V5 = ±(\/4+V3) = ±(2+\/3). 

The square root as a whole may be taken positively or negatively, as in 
the case of rational roots. 

The solution of these problems depends upon finding two numbers 
whose sum and product are given. This can sometimes be done by 
inspection, but the general problem is one of simultaneous equations. 

WRITTEN EXERCISES 
Find the square root of : 

1. 11 + 6V2. 4. 41 - 24 V2. 7. 17 + 12V2. 

2. 8 - 2Vl5. 6. 2J - V5. 8. f V5 + 3|. 

3. 40 - 12 VIo. 6. 2\ - |V3. 9. 56 - 24 V6. 



EXPONENTS AND ROOTS 81 

Cube Root of Arithmetical Numbers 

132. Pointing off into Periods. Since 10> = 1000, we know that the 
eube root of any number greater than 1 but less than 1000 is less than 10. 
Its integr al pa rt consists of one figure. 

Since 100* = 1,000,000, we know that the cube root of any number 
greater than 1000 but less than 1,000,000 is greater than 10 but less than 
100. That is, if the given number has from 4 to 6 digits in its integral 
part, its cube root will have 2 digits in its integral part. If larger num- 
bers are given, the above reasoning can be repeated for 1000", etc., show- 
ing that in all cases if the number be pointed off into periods of 3 digits 
each (or possibly fewer in the left period), then each period will corre- 
spond to a digit of the root 

133. The cube root of the left period can be found approxi- 
mately by inspection, and the number so found, with a zero 
annexed for each other period, will be an approximate value 
for the root. 

EXAMPLE 

Find ^/481890304. 

Pointing off as above : 

481'800'304. 

By trial we find 7" = 343, and 8> = 612. Hence 700 is an approximate 

▼alue for the root^ It may be verified that TOO* is less than the given 

number, and that 800* is more than the given number. That is, the hun- 
dreds* figure of the root is 7. 

WRITTEN EXERCISES 
Find, as above, the first figure of : 
1. -v^493039. 3. \/67066625. 6. a/1346672864. 



2. V2924207. 4. V254840104. 6. V62287606344. 

134, When once an approximate value a has been found for 
the root, an approximate value for the remainder, r, of the root 
can be found by xneans of the formula: 
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or 



For example : 

In -^238328 we find as above that a = 60. 

Then, a» + 3a2r + 3ar2 + r» = 238'32a, the whole cube 

Subtracting of = 216000 , the cube of the part found, 

3 a^r + 3 aH + H = 22'328, the .first remainder. 

Since something must be added to 3 aV to make it equal to 22,328, 

3 aV is less than 22'328, 

22'328 



r is less than 



3aa 



Consequently, the first figure of this quotient will either be the first 
figure of r or greater than it. In this instance 3 a^ is 10,800, hence the 
first figure of the quotient is 2. 

Trying 2 as r, we have to calculate 3 aV + 3 ar^ + r*. This is most 
conveniently done by using the form (3 a^ + 3 ar + f^)r, 

3 a^ = 10800. 

3ar= 360 

ra= 4 

Adding: 
Then, 



We have already 
We find : 



3aa + 3ar + r2 = 11164 
r(3 a^ + 3 ar + r2) = 22328 



The calculation should be arranged thus : 



a» = 



Trial divisor : 



3 o2 = 10800 

3ar = 3.2.60= 360 

ra = 2a= 4 



Complete divisor : 



11164 



6 2 



238'328 
216 000 



22328 



22328 or 2 X 11164 



If the root consists of more than two figures, the above work is repeated, 
using the part of the root already found as a. 

11 it should happen that the product of r and the complete divisor is 
larger than the remainder of the number, try the next smaller digit for r. 

When necessary, periods are pointed off to the right of the decimal 
point. 



Find: 



8, 



1. V74088. 

2. •v^l48877. 



WRITTEN EXERCISES 

3. ^2803221. 

4. ^/16387064. 



6. •v^55306341. 
6. -v/143056667 
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Find these roots to one decimal place : 
7. ^637. 8. -5^3485. 9. <^26348& 

Find these roots to two decimal places : 

10. v^5. 11. \/l7. 12. </269. 13. ^^ijSS. 

Cube Root of Polynomials 

135. The cube roots of polynomials may be extracted in a 
similar manner : 

EXAMPLE 
Extract the cube root of 27 aj» — 27 aj*y + 9 oj^ — y*. 

Boot 8a5 — y ♦ 



a» + 3aV + 3af« + r» = Power 27 «» - 27 x^y ^ 9 a;ya _ yt 

a = Sx a»=(8x)»=27_^ 

Trial divisor = 27 x« .\r=--y - 27 aB^y -f 9 xy« - y» 

Complete divisor = [8(3 x)^ - 3(3 z)y + yS] — 27 z^y + 9 xy« ■- y» 

Explanation. 

1. Arrange the expression in the order of the powers of some letter, 
asx. 

2. Take the cube root of the first term of the power for the first term 
of the root, as 3 x. 

3. Divide the second term of the power by 3 times the square of the 
first term of the root. The result is the second term of the root, as 

4. If a denote the approximate value of the root already found (3 x in 
the above instance), and r the value to be used as the next term (— y in 
the above instance), form the complete divisor 3 a^ -f 3 ar + r^, multiply 
it by r, and subtract. 

6. If there is a further remainder, proceed aa before, using the entire 
part of the root already found as a. 

WRITTEN EXERCISES 
Extract the cube root of : 

1. 8a5»-f 12a:« + 6aj4-l. 4. «» — 3aj^-f 3a^ — y». 

2. 27-27 a;-f9a?-aj». 5. 8ic«- 12a* -f- 6a»-l. 

8. 8aW-12a262 4.6a6-l. 6. oj" - 3 a*m + 3 a^m* - m«. 
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7. -a«-6a» + 40a»-96a-|-64. 

8. 64aV-36aj*y + 8aj*~27y». 

9. 64a5«-144a»-hl56aj*-99aj» + 39aj*-.9aj + l. 

10. -644-96a;-40aj»H-6aj*H-aJ». 

11. 27 3^-27y« + 63y-37 + — -^-h4- 

12. 8aj»-12a; + ^-l. 

a? ar 

13. a«-6» + c» + 3a6*4-3ac»-36c*-f3a«c4-3«>»c 

- 3 a'^ft - 6 a6c. 

14. 27a»-27aj-|-?-4i. 

0? ar 

16. 64(a6)*' - 48(a6)*' + 12{aby - 1. 

16. 30 a-^ + 8 a-» + 8 a» 4-30a - 12 a*- 25 - 12a-* 

17. a«-20a»-6a-f 16a*-6a»-hl5o* + l. 

18. af»-12aj* + 54aj-112 + — -^ + -^. 

a? ar ar 

19. ar^-y»«-2*'-3a:*'y« + 3a*3^-3aj*2' + 3af2;*--3y*2r 

- 3 y'a;*- 4- 6 af y«2^ 

20. 27a« + 2/»-i + 9aJ3/»-h^+27ajV-27--182Z 



2 « 



^3y__3j^ 

2J* « 



REVIEW 
WRITTEN EXERCISES 
Express with positive exponents : 
1. m"V. 2. 4a;"V"^- 3- 3a-*6*. 4. 17 a;~*y-'2;"i 

Transfer all literal factors from the denominator to the 
numerator : 

X* ab 1 « 6 



a?"* a"*6-8 6a;-*2^* a^ 
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Multiply : 

9. (2 -h -Vx+iy. 12. p . p'i. 

10. V5.^6. 13. (a-i-0(a"*-6-l)- 

11. 5-v/wF8.2m-^ 14. (aj2 _ l)(aji -f 1). 

Kemove the parentheses : 

16. (a-*)». 18. (^Y. 21. (^)i. 

16. {-y/cPy. ( ^\X. ^ ( w^«V 



Simplify as far as possible, admitting negative exponents to 
the results : 

24. (8a«6ic-i)». a^. (3 a"' -s- &-')-». 

26. (16a*60i »»• («'-')'-^' • «"«'*• 

26. (6axy)t. 39. -^-^p- 

27. (^v/4^*. ,„ . i ^ »/- 

' 40. ar* • a;' • ar • v». 

29. (- 260 ^y^TT"^^. ' VS ^ * ^ ' 

30. (-243aV^.i)-*. ^^- [Ka^-^-rM-]^- 

31. '"VS^^. *^- [(«"*)*]"'"• 

32. i/x-^y''*z-'. **•• {Va6-V^}*. 

33. VH=^^^6^ 46. {(a-'62)ij-*. 

34. 3 a^frV^ . 2 aiftic. 46- "v^^^v^. 

36. 10 aft-^c* -^ 2 a- W. 47. [(aj«)-'] «-^[(«'')1 «• 

36. a"*&"^c-* -5- a6"2-». 48. -a«6-*c-'(2*.-a-«6Vd-*. 
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7. -a«-6a»4-40a»-96a-h64. 

8. 64a^-36a^ + 8a^-27y». 

9. 64a5^-144»» + 156a?*-99aj»+39a?-9aj + l. 

10. -64 + 96aj-40aj> + 6aj* + a^. 

11. 27y»-27y» + 63y-37 + ^-if-h4- 

y y^ f 

12. 8iB»-12aj + --^. 

fl5 ar 

13. a»-6» + c» + 3a2»«+3ac*-36c« + 3a'c-|-36*c 

— 3 a'6 — 6 a6c. 

14. 27a»-27aj-f--4«- 

a? ar 

15. 64(a6)*' - 48(a6)* + 12{ahY - 1. 

16. 30 a-* + 8 a-* + 8 a» 4-30a - 12 a«- 25 - 12a-*. 

17. a«-20a»-6a + 16a*-6a»+15a* + l. 

18. aj»-12a^ + 64«-112 + — -^ + 4- 

X Q? or 

19. a^-y'«-2*^-3a:^y« + 3a*3^-3a^2;'' + 3af2;*'-33^2r 

_ 3 3^2*- 4- 6 af ^2'-. 

20. 27aj» + 2/»-i + 9ajy« + ^+27aj«y-27^-18?3? 



« 






REVIEW 

WRITTEN EXERCISES 

Express with positive exponents : 

1. m~V. 2. 4a;~i2/-^2;. 3. 3a-*6*. 4. 17 aj"*y-^2~ *. 

Transfer all literal factors from the denominator to the 
numerator : 

X* oh ^1 o ^ 



X 



r* a-*&-8 6x-'yi «3r* 
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Multiply : 

9. (2 -h ViTi)*- 12. p . !>"* 

10. -y/l'V^. 13. (a-i _ &-i)(a-i - &-*). 

11. 5-v^wF«.2m-^ 14. (a:* - l)(aji -f- 1). 

Eemove the parentheses : 

16. {a-^)\ la (IjY. 21. (Aj^i. 

16. {-^/oFf. ( 5!.\J. / „\.V 



>. (a •)>»"• 22. (^S)s 



17. 






Simplify as far as possible, admitting negative exponents to 
the results : 

24. (8a'6M)». 37. (3 a"* + ft"*)"'. 

26. (16 a»6c-^)* »»• («-')'+••«''«-. 

26. (5«^i 3». :^-M 

40. a?"* • a* • »* • Vx. 

28. (64a:-»,irl. 41. i^.^.i^^ 

29. (- 250 a»y~*2;-»)* ' V* « ^ ' 

30. (- 243 aV^i)-*. ^^^ [Ka^-ft^r^-^^ 

31. '^-V^^^^. *3- [(«"*)*]"" 

32. Va?-*'?^"'*^"'. **•• {Va6-V^}*. 

33. VS==6^ 46. Ka"*^)*}"*- 



34. 3 a*6 V^ . 2 a*6*c. *«• Va'V^. 

36. 10 a6-*c* -^ 2 a- W. 47. [(aj")-*]"' "S" [(0"P- 

36. a"'&"*'c-* H- a&*2-». 48. -a»6-^-W— a-*6'^c*d-'^. 
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49. ahi ^ 3 if > a^j^if. 
60. 3 aj~i5 a;* . 10 aj"i. 



61. \^*~VaVa"Z^. 

62. Ja;"'y(.r^-')"^(a--i?/)ijl, 



63. 



X — y 
'2}f + x 


-I 




34.-/'* + 


2y> 


f 



64. 
66. 



( 



w+l w-l\n-l 



1 2^ 

[(ai'+«)p-«(tt«")«]i»». 



66. %*^:^^-V-4 . 5-hv21 
4 (2* -2-5) 6-V21 



67. 
63. 

69 



Add : J V45 -h 4%/^^ - Vl25. 

Express the i)r()duct Va' v^a' as a single sard. 

Divide 2 x*7j-^ — 5 x'y ' -f 7 a;\i/~* — 5 aj^ -f- 2 a?iy by 



Find equivalent expressions with rational divisors: 



60. 3V2a-^2V3 6. 

61. 6Va*-5- v'aS. 



62. V40 ar»^ -f- »V5y. 

63. a; Vy -5- y Va;. 

64. 2 v^2a* -s- ^v/TS". 
66. -|V|-i-VVV3. 
6G. G^v^ST^ -«. 2v^2^. 

67 a2^/48a^?-^2a6\/3a62. 

68. 4 aa; -^ y/ax. 



69. 



70. 



a; 4- Va?^ — 1 
X — -y/x^ — 1 

Va 

Va — V6 



^^^ Va? - Va; + y 

V» 4- Vaj + y 



72. 



73. 



Vga -h 6^ -i- 6 
VaM^62 — b 



3Va; — 34-Va;-|- 3 
3Va;-3-Va; + 3 



74. 



a — Va2 — a?* 



76. 



i>+V^ 



76. 



2-f.v'5-.V2 



77. 



q j- b -f- Va -- 6 

viTfT^v^rz^' 



78. 



Va;M-l-|-V^-=l 
\ aj"^ + 1 - Vai» — 1 
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Solve : 

79. 3aj+Vaj«-2aj-f-5 = l. 80. ^^'^^ = , J^ ^ — --. 

h ' a'— 2a6 + 6" 

81. -^ + V(a + 6)* -f a6 - a? = a + 6 4- ^^^ 



a-l-6 ^"^ a + 6 

82. Va(2a — 6+V«) = 3a« — a6. 

Extract the square root of : 

83. 7-2ViO. 84. a + 26+V8a6. 

Extract the cube root of : 

85. 8 a? — 12 5C*y*4-6ajy*-y. 

SUMMARY 

The following questions summarize the definitions and 
processes treated in this chapter: 

1. Explain the meaning of the exponent in a*. Sec. 118. 

2. Explain the meaning of the exponent zero. Sec. 126. 

3. Explain the meaning of the exponent in a"*. Sec. 127. 

4. State the Law of Exponents for multiplication ; for divi- 
sion ; for involution. Sees. 110-113. 

5. How are expressions multiplied whose bases are differ- 
ent and whose exponents are different ? Sees. 124, 128. 

6. How may an expression with negative exponents be 
changed to an equal one with positive exponents ? Sec. 129, 1. 

7. How free an expression from the fractional form by the 
use of exponents ? Sec. 129, II. 

8. How may a factor be transferred from one term of a 
fraction to the other by use of an exponent ? Sec. 129, III. 

9. How may the square root of a binomial surd be found 
by inspection ? Sec. 131. 

10. What formula may be used to extract the cube root of a 
number or of an algebraic expression ? Sec 134. 
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mSTOBICAL ROTE 



The use of exponents to denote powers and roots seem so esaentUl to 

onr preseoi-day work in algebra that it is difficult to imaglae how algebra 
could eiial without Ibis notation ; but their general use is comparatively 
recent. Vieta (1691 ), the lounder of modern algebra, bad no knowledge 
of them. In place of our notation he used a system much like that of 
DiopbantoB. Thus, for the expression 

x'-2i> + 6 1-8 = 7, 
VieU wrote 1C-2Q + 6 2T-8 aeqn. 7, 

in which C, Q. and y are the first letters of the Latin words meaning 
" cube," " square," and " number." Bj number is pieant the unknown 
quantity, and by C and Q are meant the square and cube of this number. 
In the sixteenth century Stifel used integral exponents, and Stevin in- 
vented fractional exponents, if we pass over the beginnings made by 
Oresme (1382), but it remained for Wallis and Newton, in the seventeenth 
century, to popularize these improvements. 

John Wallis, born in 1616, was second only to Newton among Engli^ 
mathematiolans of the seventeenth century, and became a professor of 
geometry at Oxford College at 
the age of 33. He was a 
charter member of the famous 
Bojal Society of Great Britain, 
founded in 1663. 

Exponents, like the bino- 
mial theorem and many other 
principles of algebra, were 
standardized and made popu- 
lar through their application 
to concrete problems, for 
Wallis, in seeking the areas 
inclosed by Tarious curves, 
used the scries of powers, x*, 
iS, xi, a^, i-i, K-', i-» in ite 
present meaning, thus placing 
upon these symbols his stamp 
of authority. In this way our 
present definitions of negative 
.„ exponents and of the zero 

JodWUJJ. «p„«t wer. aublUhid. 

The fact that these interpretations satisfy the fundamental laws of 
algebra was shown by Peacock and Hamilton, as noted (p. 86). 



CHAPTER IV 

LOGARITHMS 
MEANING AND USE OF LOGARITHMS 

136 Use of Exponents in Computation. By applying the 
laws of exponents certain mathematical operations ma^^ be 
performed by means of simpler ones. The following table of 
powers of 2 may be used in illustrating some of these simpli- 
fications : 



1=20 


• 32 = 2» 


1024 = 2W 


32768 = 216 


2 = 21 


64 = 2« 


2048 = 211 


65536 = 2i« 


4 = 23 


128 = 2' 


4096 = 212 


131072 = 2" 


8 = 2« 


256 = 28 


8192 = 2i» 


262144 = 2«' 


16 = 2* 


512 = 2» 


16884 = 2" 


624288 = 2i» 



137. Application of Law I, Section 110, p. 65. 

EXAMPLES 

1. Find: 8.^2. 

From the table, 8 = 2", (i) 

and 32 = 2^. (g) 

Then, 8 • 32 = 2« . 2* » 2^, (S 

and, aocordingr to the toble, 2^ = 256. (4) 

2. Find : 2048 . 64. 

From the table, 2048 = 211, ^^^ 

and 64 = 2«. (;9) 

Then. 2048 • 64 = 2" • 2« = 2", (5) 

and, according to the toble, 21^ z= 131072. (^) 

Thus, the process is simply one of inspection. In the above example 
we merely added 11 and 6 and looked in the table for the number opposite 
to 2". 

7 89 
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ORAL EXERCISES 

State the following products by reference to the table : 

1. 16 . 266. 5. 32 . 32. 9. 128 • 512. 

2. 32 . 128. 6. 64 . 64. 10. 128 • 1024. 

3. 64 . 512. 7. 32 . 2048. 11. 8 . 16384. 

4. 8 . 2048. 8. 16 . 4096. 12. 32 • 4096. 

138. Application of Law 11, Section 111, p. 66. 

EXAMPLES 

, TC ^ 256 
1. Find: — . 

From the taUa, 256 = 2*, (i) 

mnd 82 = 2^ (f) 

f =i=2.-=2.. (a) 

•ad, Moording to the toble, 2" = 8. (jf) 

65536 



2. Find: 



2048 



^,,boye. ?^ = ?? = 25 = a2. 

2048 2" 



ORAL EXERCISES 



By use of the table determine the value of the following: 

, 1024 , 32768 ^ 32 . 2048 

128 1024 512 

8192 64.512 128 > 131072 

' 64 ' '16 .128* * 64 .8 .8192* 

139. Application of Law III^ Section 112, p. 66. 

EXAMPLES 
1. Find: 16». 

By the table, 16 = 2*. (/) 

Hence, 168 = (24)8 - 2W. (jf) 

and, according to the table, 2^ = 4096. (5) 
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2. Find: V1024. 

Asabove, 1024 =(1024) ^ =(210) ^ = 2B = 32, Moording to the teUe. 

3. Find: >/32768. 

Ab above, v'32708 = (2»)* = 2» = 8. 

ORAL EXERCISES 

By use of the table find the value of : 

1. 32*. 4. 641 7. V8l92. 10. 512*. 

2. 3*. 6. 25&. 8. ^4096. 11. ^/32768. 

3. 32*. 6. 16*. 9. \/66636. 12. >/l024. 

140. The examples and exercises above show that the laws 
of exponents furnish a powerful and remarkably easy way of 
making certain computations. 

In the above illustrations we have used a table based on the number 2, 
and have limited the table to integral exponents ; but for practical pur- 
poses a table based on 10 is used and is made to include fractional 
exponents. 

For example : 

1. It is known that approximately, 

2 = 10^ or 10-» (more accurately 10^. 

From this we can express 20 as a power of 10, for 

20 = 10 . 2 = 101 . 10-aa = W'«^. 
Sunilarly, 200 = 10 . 20 = 10^ • lO^JW = 10««i, 

and 2000 = 10 • 200 = W . l(fi^ = lO^am. 

2. It is known that approximately 703 = lO^-w 

Then 7630 = 10 . 763 = W • lO*-* = 10«-«, 

and 76300 = 100 • 763 = 10« • lOa-w = io*«. 

Similarly, 76.3 = ^ = ^^ = lO^-w-i = 10i-«, 

■" 10 101 * 

and 7.68 = ^=:l^=10W8-« = 10w». 

100 102 
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WRITTEN EXERCISES 

Given 48 = 10"* ; express as a power of 10 : 
1. 480. 2. 4800. 3. 48,000. 4. 4& 

Given 649 = 10"* ; express as a power of 10 : 

6. 6490. 7. 649,000. 9. 6.49. 

6. 64,900. 8. 64.9. 10. 649,000,000. 

Given 300 = 10*-*' ; express as a power of 10 : 

11. 3. 13. 3000. 16. 300,000. 

12. 30. 14. 30,000. 16. 3,000,000. 

141. The use of the base 10 has several advantages. 

L The exponents of numbers not in the table can readily 
be found by means of the table. 

To make this clear, let tis suppose that a certain table expresses aU 

iotegers from 100 to 999 as powers of 10 ; then 30, although not in this 

table, can be expressed as a power of 10 by reference to the table. 

300 
For, 30 =-^t Aud since 300 is in the snpposed table we may find 

l^ reference to the Uble that 300 = 10<-^, and hence, 30 = t2^ = iol4^ 

Similarly, 3.70 is not in the supposed table, but 376 is and 

3.76 = — = — . Therefore it is necessary only to subtract 2 from 
100 lOa 

the power of 10 found for 376 in order to find the power of 10 eqnal to 

3.76. 

Similarly, 4680 is not in the table, but 468 is, and 4680 = 468 • 10^. 
Therefore it is necessary only to add 1 to the power of 10 found for 468 
in order to find the power of 10 equal to 4680. 

Such a table would not enable us to express in powers of 10 numbers 
like 4683, 46.83, and 366,900, but only numbers of 3 or fewer digits, which 
may be followed by any number of zeros. 

Similar conditions would apply to a table of powers for numbers from 
1000 to 9999, from 10,000 to 99,999, and so on. 

IL The integral part of the exponent can be written with- 
out reference to a table. 
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For example : 

1. 879 is greater than 100, which is the second power of 10, and less 
than 1000, or the third power of 10. That is, 870 is greater than 10> but 
less than 10". Therefore the exponent of the power of 10 which equals 
879 is 2. + a decimal. 

2. Similarly, 87.9 lies between 10 and 100, or between 10^ and 10^, 
hence the exponent of the power of 10 that is equal to 87.9 is 1. + a 
decimal. 

ORAL EXERCISES 

State the integral part of the exponent of the power of 10 
equal to each of the following : 

1. 36. 4. 25. 7. 26.6. 

2. 360. 6. 2600. 8. 366.6. 

3. 36.5. 6. 36,600. 9. 17.65. 

III. If two numbers have the same sequence of digits but 
differ in the position of the decimal point, the exponents of 
the powers of 10 which they equal have the same decimal 
part. 

For example : 

Given that 274.3 = 10»-«, 

we have 27.43 = ?^ = ^ = 10i-« 

also 2743 = 10 • 274.3 = 10* . 10« « = 108-«, 

also 274,300 = 1000 . 274.3 = 10« . 10«-« = 10»« 

In each instance the decimal part of the exponent is the same. It is 
evident that this will be the case in all similar instances, for shifting the 
decimal point is equivalent to multiplying or dividing repeatedly by 10, 
which is equivalent to changing the integral part of the exponent by add- 
ing or subtracting an integer. 

ORAL EXERCISES 

Given 647 = 10***, state the decimal part of the exponent of 
the power of 10 that equals : 

1. 64.7. 3. 6470. 5. 647,000. 

2. 6.47. 4. 64,700. 6. 6,470,000. 
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Given 568.1 = 10**", state the decimal part of the exponent 
of the power of 10 that equals : 

7. 56.81. 9. 5681. 11. 568,100. 

8. 5.681. 10. 56,810. 12. 56,810,000. 

« 

142. Log^thms. Exponents when used in this way for 
computation are called logarithms, abbreviated log. 

143. The number to which the exponents are applied is 
called the base. 

For the purposes of computation the base used is 10. 

Aocoiding to the above definition the equation SO = 10^-^ may be 
written log 30 = 1.48, which is read '' The logarithm of 30 is 1.48.*' These 
equations mean the same thing ; namely, that 1.48 is (approximately) the 
power of 10 that equals 80. 

WRITTEN EXERCISES 

Write the following in the notation of logarithms : 

1. 700=10«-«. 3. 6 = 10°". 6. 361 = 10^. 

2. 75 = 10^«'. 4. 50 = 10^^. 6. 45 = 10^. 

Write the following as powers of 10: 

7. log 20 = 1.3. 9. log 3 = 0.47. 11. log 111 = 2.04. 

8. log 500 =2.70. 10. log 7 = 0.84. 12. log 21 = 1.32. 

144. Characteristic and Mantissa. The integral part of a 
logarithm is called its characteristic, and the decimal part its 
mantissa. 

Tfie characteristic of the logarithms of a number greater than 
unity is one less than the number of digits at the left of the deci- 
mal point. 

ORAL EXERCISES 

1-12. State the characteristic and the mantissa in each of 
the logarithms in Exercises 1-12 above. 

145. Since the characteristics of logarithms can be deter- 
mined by inspection, tables of logarithms furnish only the 
mantissas. 
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EXPLANATION OF THE TABLES 

146. The use of the tables, pp. 100 and 101, is best seen 
from an example. 
Find the logarithm of 365. 

The first column in the table, p. 100, contains the first two figures of 
the numbers whose mantissas are given in the table, and the top row con- 
tains the third figure. 

Hence, ind S6 in the left-hand column, p. 100, and 6 at the top. 

In the column under 5 and opposite to 36 we find 5623, the required 
mantissa. 

Since 365 is greater than 100 (or lO^) but less than 1000 (or 10*), the 
characteristic of the logarithm is 2. 

Theretore, log 365 is 2.5623. 

WRITTEN EXERCISES 

By use of the table find the logarithms of : 



1. 


25. 


5. 


99. 


9. 9.9. 


13. 1000. 


2. 


36. 


6. 


86. 


10. 8.6. 


14. 5000. 


3. 


50. 


7. 


999. 


11. 33,000. 


15. 505. 


4. 


75. 


8. 


800. 


12. 99,900. 


16. 5.05. 



147. Negatiye Characteristics. An example will serve to 
show how negatiye characteristics arise : 

From log 346 = 2.5301, we find, 

log 34.6 = log ^ = log 346- log 10 =2.5391 - 1 = 1.5301. 

log 3.46 = log ^ = 1.5391 - 1 = 0.539L 

log .346 = log 5:^ = 0.5391 - 1. 
^ ^10 

In the last line we have a positive decimal less 1, and the result is a 
negative decimal ; viz. — .4609. But to avoid this change of mantissa, it 
is customary not to carry out the subtraction, but simply to indicate it. 
It might be vrritten — 1 + .5391, but it is customarily abridged into 
1.5391. The mantissa is kept positive in all logarithms. The logarithm 
1.5391 says that the corresponding number is greater than 10'^ (or ^) 
Imt less than 10^ or 1. 
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We now write log .3i6 = 1.6391. 

Similarly, log .0346 = log ^ =1.6301 - 1 = 2*6301. 

Thu8 toe see that the mantUsa remains the same, no matter how the 
position of the decimal point is changed. The mantissa is determined 
solely by the sequence of digits constituting the number. 

The characteristic is determined solely by the position of the decimal 
point. The characteristics of the logarithm of a number smaller than 
unity is negative and equals the number of the place occupied by the first 
significant figure of the decimal. 

EXAICPLES 

1. What is the characteristic of log .243 ? 

.2iS is more than .1 or 10-^ but less than 1 or 10^. Hence, 

.243 = 10-1+ •<»«A"»^. 

The characteristic is 1. 

2. Similarly, since .00093 is greater than .0001 or 10^ but 
less than .001 or 10-», 

log .00003 = 4 + a decimal. 

148. The characteristic having been determined^ the mantissa 
is found from the table in the usual way. 

For example : 

log .243 = 1.3866, 
log .00003 = 4.0686. 

WRITTEN EXERCISES 

Find the logarithms of: 

1. .35. 3. .106. 6. .0023. 7. .00342. 

2. .634 4. .027. 6. .0123. 8. .0004. 

149. In finding the number corresponding to a logarithm 
with negative characteristic, the same method is followed as 
when the characteristic is positive. The mantissa determines 
the sequence of digits constituting the number ; the charaoter- 
istip &le8 the position of the decimal point. 
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For example : 

If log n = 2.5955, the digits of n are 304. The characterigtic 2 says 
that n is greater than lO-^ (or .01) but less than lO-^ (or .1). Hence, 
the decimal point must be so placed that n has no tenths bat some 
hundredths. Therefore n = .0394. 

WRITTEN EXERCISES 

By use of the tables find the numbers whose logarithms are : 

1. 1.6232. 7. 2.0792. 13. 3.0969. 

2. r.4914. 8. 2.7076. 14. 1.6972. 

3. 2.4281. 9. 4.9196. 15. 3.9284. 

4. 1.9196. 10. 3.2201. 16. 2.9284. 
6. 0.9196. 11. 0.2201. 17. 1.9284 
6. 3.4281. 12. 1.2201. 18. 6.7832. 

Find n if : 

19. log n = 1.9289. 21. log (w - 1) = 3.9294. 

20. log n = 0.9289. 22. log (| n) = 1.6128. 

USE OF THE TABLES FOR COMPUTATION 

150. For use in computation by logarithms the laws of 
exponents may be expressed thus: 

The logarithm of a product is the 
I. 10"* • lO*" = lO"**'"'*. sum of the logarithms of the factors. 

The logarithm of a quotient is the 
J J 10* ^ f.„^_r logarithm of the dividend minus the 

IQr ' logarithm of the divisor. 

The logarithm of a number with an 
III. (lO"*)*" = 10**". exponent is the product of the expo- 
nent and the logarithm of the number. 

Since r may be positive or negative, integral or fractional, Law III 
provides not only for raising to integral powers, but also for finding recip- 
rocals of such powers, and for extracting roots. 
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EXAMPLES 

1. Midtiply 21 by 37. 

1. log 21 = 1.3222, toble, p. 100. 

2. log 37 = 1.6682, table, p. 100. 

3. Adding, log 21 + log 37, or log (21 x 37) = 2.8904 (Sec. 160). 

4. .-. 21 X 37 = 777 from table, p. 101. 

2. Divide 814 by 37. 

1. log 814 = 2.0106, table, p. 101. 

2. log 37 = 1.6682, table, p. 100. 

3. .-. log 814 - log 37 = 2.9106 - 1.6682 = 1.3424. 

4. .'. 814 -i- 37 = 22, table, p. 100. 

3. Extract tbe cube root of 729. 

1. \/^29 = (729)*. 

2. log 729* = J log 729 (Sec. 150). 

3. log 729 = 2.8627, Uble, p. 101. 

4. } of 2.8627 = 0.9542. 

6. .-. (729) * or \^729 = 9, toble, p. lOL 

WRITTEN EXERCISES 

Compute by use of logaritbms : 

1. 8 X 15. 6. 5*. 11. 19*. 

2. 41 X 23. 7. 31«. 12. 7». 

3. 37 X 17. 8. ViSi. 13. 4*. 

4. 12x17. 9. \/343. 14. V196. 
6. 893 -f. 19. 10. 940-^47. 15. </2l6. 

Since the logarithm is approximate, the result in general is approzi* 
mate. Thus, log \^(266) = 0.60205, which is not the logarithm of 4, but 
is sufficiently near to be recognized in the toble. 
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151 . How to calculate the logarithm of a number not found 
in the table is best seen from an example. 

EXAMPLE 
Find the logarithm of 267.3 (see 16th line of table, p. 100) : 








1 


2 


3 


4 


5 


6 


7 


8 


9 


85 


3979 


3997 


4014 


4031 


4048 


4006 


4082 


4099 


4116 


4133 



The numbers nearest to 267.3, whose logarithms are given in the table, 
are 267 and 268. We have 

log 268 = 2.4116 

log267 = 2.409 9 

Difference, .0017 

That is, an increase of 1 in the number causes an increase of .0017 in the 
logarithm. Assuming that an increase of .3 in the number would cause 
an increase of .3 of .0017, or .0006, in the logarithm, then 

log 267 .3 = 2.4099 + .0006 = 2.4104. 

Notes : 1. The product of .3 and .0017 is .00061, but we take only four 
places, because the mantissas as given in the table are expressed to four 
places only. If the digit in the fifth decimal place of the correction is 
more than 6, we replace it by a unit in the fourth place. 

2. The difference between two succeeding mantissas of the table 
(called the tabular di£Ference) can be seen by inspection. 

3. What is written in finding the logarithm of 267.3 should be at most 
the following : 

log 267 = 2.4099 tabular difference 17 

correction for .3 = 6 .3 

log 267.3 = 2.4104 6.1 

4. The corrections are made on the assumption that the change in the 
logarithm is proportional to the change in the number. This is suffi- 
ciently accurate when used within the narrow limits here prescribed. 

WRITTEN EXERCISES 

Find the logarithm of : 

1. 1235. 5. 1425. 9. 3.142. 13. .4071. 17. .3002. 

2. 23.5. 6. 1837. 10. 1.414. 14. 85.51. 18. 9009. 

3. 2.36. 7. 6720. 11. 1.732. 16. .0125. 19. 12.02. 

4. .0237. 8. 67.25. 12. .6226. 16. .4267. 20. 5.008. 



100 
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N 

10 





1 


2 


8 


4 


5 


6 


7 


8 


9 


0000 


0043 


0086 


0128 


0170 


0212 


0263 


0294 


0334 


0374 


11 


OiU 


0463 


0492 


0631 


0569 


0607 


0645 


0682 


0719 


0765 


12 


0792 


0628 


0664 


0899 


0934 


0969 


1004 


1038 


1072 


1106 


18 


1139 


1173 


1206 


1239 


1271 


1303 


1336 


1367 


1399 


1430 


14 


1461 


1492 


1523 


1653 


1684 


1614 


1644 


1673 


1703 


1732 


16 


1761 


1790 


1818 


1847 


1876 


1903 


1931 


1959 


1987 


2014 


16 


2041 


2068 


2096 


2122 


2148 


2176 


2201 


2227 


2253 


2279 


17 


2d04 


2330 


2356 


2380 


2406 


2430 


2466 


2480 


2504 


2529 


18 


2653 


2577 


2601 


2625 


2648 


2672 


2695 


2718 


2742 


2765 


19 


2788 


2810 


2833 


2856 


2878 


2900 


2923 


2945 


2967 


2989 


20 


3010 


3032 


3054 


3076 


3096 


3118 


3139 


3160 


3181 


3201 


21 


3222 


3243 


3263 


3284 


3304 


3324 


3346 


3365 


3385 


3404 


22 


3424 


^44 


3464 


3483 


3502 


3522 


3541 


3560 


3579 


3598 


28 


3617 


3636 


3656 


3674 


3692 


3711 


3729 


3747 


3766 


3784 


24 


3802 


3820 


3838 


3866 


3874 


3892 


3009 


3927 


3945 


3962 


25 


3979 


d99r 


4014 


4031 


4048 


4066 


4082 


4099 


4116 


4133 


26 


41S0 


4166 


4183 


4200 


4216 


4232 


4249 


4265 


4281 


4296 


27 


4314 


4330 


4346 


4362 


4378 


4393 


4409 


4425 


4440 


4456 


28 


4472 


4487 


4502 


4518 


4533 


4548 


4564 


4679 


4594 


4609 


29 


4624 


4639 


4664 


4669 


4683 


4696 


4713 


4728 


4742 


4757 


80 


4771 


4786 


4800 


4814 


4829 


4S43 


4867 


4871 


4886 


4900 


81 


4914 


4928 


4942 


4965 


4969 


4983 


4997 


6011 


6024 


5038 


82 


6061 


5065 


5079 


5092 


5105 


5119 


5132 


6145 


6159 


6172 


88 


5185 


5198 


5211 


5224 


5237 


5260 


6263 


5276 


6289 


6302 


84 


5315 


5328 


5340 


5353 


6366 


6378 


5391 


6403 


5416 


6428 


86 


5441 


5453 


5465 


6478 


5490 


5502 


6514 


6627 


6539 


5551 


86 


5663 


5675 


5587 


5599 


6611 


6623 


5635 


6647 


6658 


6670 


87 


6082 


6694 


5706 


5717 


5729 


5740 


6752 


5763 


6775 


6786 


88 


6798 


5809 


5821 


6832 


5843 


6856 


686($ 


5877 


5888 


5899 


89 


5911 


5922 


5933 


5944 


5965 


6966 


6977 


5988 


6999 


601O 


40 


6021 


6031 


6042 


6063 


6064 


6076 


6086 


6096 


6107 


6117 


41 


6128 


6138 


6149 


6160 


6170 


6180 


6191 


6201 


6212 


62*^*/ 


42 


6232 


6243 


6253 


6263 


6274 


6284 


6294 


6304 


6314 


6325 


48 


6335 


6345 


6355 


6365 


6375 


6385 


6395 


6405 


6415 


6425 


44 


6435 


6444 


6454 


6464 


6474 


6484 


6493 


6503 


6513 


6622 


46 


6532 


6542 


6551 


6561 


6671 


6580 


6590 


6599 


6609 


6618 


46 


m2s 


6637 


6646 


6656 


6665 


6675 


6684 


6693 


6702 


6712 


47 


6721 


6730 


6739 


6749 


6768 


6767 


6776 


6785 


6794 


6803 


48 


6812 


6821 


6830 


6839 


6848 


6857 


6866 


6875 


6884 


6893 


49 


6902 


6911 


6920 


6928 


6937 


6946 


6956 


6964 


6972 


6981 


60 


6990 


6998 


7007 


7016 


7024 


7033 


7042 


7050 


7059 


7067 


61 


7076 


7084 


7093 


7101 


7110 


7118 


7126 


7136 


7143 


7152 


62 


7160 


7168 


7177 


7185 


7193 


7202 


7210 


7218 


7226 


7235 


68 


7243 


7251 


7259 


7267 


7276 


7284 


7292 


7300 


7:^ 


7316 


64 

N 


7324 


7332 


7340 


7348 


7366 


7364 


7372 


7380 


7388 


7396 





1 


2 


3 


4 


5 


6 


7 


8 


9 
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N 
55 





1 


2 


3 


4 


5 


6 


7 


8 


9 


7404 


7412 


7419 


7427 


7435 


7443 


7451 


7459 


7466 


7474 


56 


7482 


7490 


7497 


7506 


7513 


7520 


7528 


7536 


7543 


7551 


57 


7559 


7566 


7574 


7582 


7589 


7597 


7604 


7612 


7619 


7627 


58 


7634 


7642 


7649 


7657 


7664 


7672 


7679 


7686 


7694 


7701 


59 


7709 


7716 


7723 


7731 


7738 


7745 


7752 


7760 


7767 


7774 


60 


7782 


7789 


7796 


7803 


7810 


7818 


7825 


7832 


7839 


7846 


61 


78f)3 


7860 


7868 


7875 


7882 


7889 


7896 


7903 


7910 


7917 


62 


7924 


7931 


7938 


7945 


7i»2 


7969 


7966 


7973 


7980 


7987 


63 


7993 


8000 


8007 


8014 


8021 


8028 


8036 


8041 


8048 


8065 


64 


8062 


8069 


8075 


8082 


8089 


8096 


8102 


8109 


8116 


8122 


65 


8129 


8136 


8142 


8149 


8156 


8162 


8169 


8176 


8182 


8189 


66 


8195 


8202 


8209 


8215 


8222 


8228 


8236 


8241 


8248 


8264 


67 


8261 


8267 


8274 


8280 


8287 


8293 


8299 


8306 


8312 


8319 


68 


8325 


8331 


8338 


8344 


8351 


8357 


8363 


8370 


8376 


8382 


69 


8388 


8395 


8401 


8407 


8414 


8420 


8426 


8432 


8439 


8445 


70 


8451 


8457 


8463 


8470 


8476 


8482 


8488 


8494 


8500 


8506 


71 


8613 


8519 


8526 


8531 


8537 


8543 


8549 


8555 


8561 


8567 


72 


8573 


8579 


8585 


8591 


8597 


8603 


8609 


8615 


8621 


8627 


73 


8633 


8639 


8645 


8651 


8667 


8663 


86()9 


8675 


8681 


8686 


74 


8692 


8698 


8704 


8710 


8716 


8722 


8727 


8733 


8739 


8745 


75 


8751 


8756 


8762 


8768 


8774 


8779 


8785 


8791 


8797 


8802 


76 


8808 


8814 


8820 


8825 


8831 


8837 


8842 


8848 


8854 


8859 


77 


8865 


8871 


8876 


8882 


8887 


8893 


8899 


8904 


8910 


8915 


78 


8921 


8927 


8932 


8938 


8943 


8949 


8954 


8960 


8965 


8971 


79 


8976 


8982 


8987 


8993 


8998 


9004 


9009 


9015 


9020 


9026 


80 


9031 


9036 


9042 


9047 


9063 


9068 


9063 


9069 


9074 


9079 


81 


9085 


9090 


9096 


9101 


9106 


9112 


9117 


9122 


9128 


9133 


82 


9138 


9143 


9149 


9154 


9159 


9166 


9170 


9175 


9180 


9186 


83 


9191 


9196 


9201 


9206 


9212 


9217 


9222 


9227 


9232 


9238 


84 


9243 


9248 


9253 


9258 


9263 


9269 


9274 


9279 


9284 


9289 


85 


9294 


9299 


9304 


9309 


9315 


9320 


9325 


9330 


9336 


9340 


86 


9345 


9350 


9355 


9360 


9365 


9370 


9375 


9380 


9385 


9390 


87 


9395 


9400 


9405 


9410 


9415 


9420 


9425 


9430 


9435 


9440 


88 


9445 


9450 


9455 


9460 


9466 


9469 


9474 


9479 


9484 


9489 


89 


9494 


9499 


9504 


9609 


9613 


9618 


9623 


9628 


9533 


9638 


90 


9542 


9647 


9662 


9557 


9562 


9666 


9671 


9676 


9581 


9686 


91 


9590 


9696 


9600 


9606 


9609 


9614 


9619 


962- 


9628 


9633 


92 


9638 


9643 


9647 


9652 


9657 


9661 


9666 


9671 


9675 


9680 


98 


9685 


9689 


9694 


9699 


9703 


9708 


9713 


9717 


9722 


9727 


94 


9731 


9736 


9f41 


9745 


9760 


9754 


9759 


9763 


9768 


9773 


95 


9777 


9782 


9786 


9791 


9795 


9800 


9806 


9809 


9814 


9818 


96 


9623 


9827 


9832 


9836 


9841 


9845 


9850 


9854 


9859 


9863 


97 


9668 


9872 


9877 


9881 


9886 


9890 


9894 


9899 


9903 


9908 


98 


9912 


9917 


9921 


9926 


9930 


9934 


9939 


9943 


9948 


9952 


99 

N 


9956 


9961 


9965 


9969 


9974 


9978 


9983 


9987 


9991 


9996 





1 


2 


3 


4 


5 


6 


7 


8 


9 
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152. To calculate the number whose logarithm is given 
apply the table as follows : 

(1) If the given logarithm is in the table, the number can 
be seen at /)nce. 

(2) If the given logarithm is not in the table, the number 
corresponding to the nearest logarithm of the table may be 
taken. 

A somewhat closer approximation may be found by using 
the method of the following example : 
« 

EXAMPLE 

Find the number whose logarithm is 1.4271. The mantissas 
nearest to this are found in the 17th line of table, p. 100. 








1 


2 


3 


4 


5 


6 


7 


8 


9 


26 


4150 


4166 


4183 


4200 


4216 


4232 


4249 


4865 


4281 


4298 



The process is the reverse of that of finding the logarithm. 

The next smaller mantissa in the table is 4265, corresponding to the 
number 267. The difference between this mantissa and the given man- 
tissa is 6. The tabular difference between 4265 and the next larger man- 
tissa is 16. An increase of 16 in the logarithm corresponds to an increase 
of 1 in the number. Hence, an increase of 6 in the logarithm corresponds 
to an increase of ^^ of 1, or .4, in the number. This means .4 of one unit 
in the number 267. What its place value is in the final result depends 
upon the characteristic. The digits of the result are 2674. 

The characteristic 1 shows that the desired number is greater than the 
first power of 10, but less than the second power of 10 or 100. Hence, 
the decimal point must be placed between 6 and 7, and the final result is 
26.74. 

Notes : 1 . For reasons similar to those of Note 1, p. 99, the correc- 
tion should be carried to one place only. 
2. At most the following should be written : 

log n = 1.4271 tab. diff. 16 

mantissa for 267 = .4265 A = •* 

dig; 6 

Therefore, n = 26.74. 
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WRITTEN EXERCISES 

Find the number whose logarithm is : 

1. 0.7305, 4. 2.9023. 7. 1.1962. lo. 3.9485. 

2. 0.5029. 5. 3.1467. 8. 2.0342. ii. 4.6987. 

3. 1.4682. 6. 3.6020. 9. 3.3920. 12. 2.6376. 

153. Exponential Equations. When the unknown quantity , 
occurs in an equation as an exponent, the equation is called an 
exponential equation. 

EXAMPLE 
1. Solve: 3* =729. (T) 

''rjli:.™;^'''^*' log S. = log 720. W 

Or, « . log 3 = log 729. Sec. 160, m. (5) 

T^,-,^i K 1 o o. log 729 2 8627 « . .. 

Dividing by log 8. a! = -^^ = __ = 6. U) 

Test : 3« = 729. 

The test is especially important because the division in step (4) is not 
exact. Tlie approximation is so close, however, that the correct number 
will always be suggested, and the test will finally verify it. 

It should also be noted that step (4) contains the quotient of two 
logarithms, which is not the same as the logarithm of the quotient ; hence, 
Sec. 150, II, is not applicable. 



2. Solre: 


8'-* = 512. 


« 




(7 - 2 V) log 8 = log 512. 


(*) 




...7 2« = '««?"2^ 2.7093^ g^ 
' logs .9081 


(«) 




.•. — 2y =— 4, ory = 2. 


w 


Test: 


87-iM = 8» = 512. 





WRITTEN EXERCISES 
Solve: 

1. 2- = 612. 4. S" = 4096. 

2. 3>' = 243. 5. lO'-^ = 1000. 

3. 2*« = 256. 6. 10«' = 500. 
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7. 12' = 20,73e. 

8. 9*-' = 243. 

9. 7*» = 343. 



10. 15«-» = 3376. 

11. a' = &— \ 

12. c»+i = e-*. 



13. Solve for x and y, computing the values to 2 decimal 

places: 

3« = 2». 

3-« = 8». 



1: 



REVIEW 



WRITTEN EXERCISES 

Pind exactly or approximately by use of logarithms the 
value of : 



1. V2. 

2. V5. 

3. ^/9. 



4. </7. 
6. V926. 
6. V656. 



13. 



(164X7981. 
779 



7. </756. 10. (1.03y. 

8. \/8i2. 11. (1.04)«». 

9. (1.6)*. 12. (1.06)». 

16. V(624)(598)(178). 



(732)(774) , 
(731)(671) 



16. 



/ (G51)(654)(558) ^ 
\ 763 



17. It is known that the volume of a sphere is f Trr*, r being 
the length of the radius. Using 3.14 as the approximate 
value of IT, find by logarithms the volume of a sphere of radius 
7.3 in. 

18. Findy as above, the volume of a sphere whose radius is 
36.4 ft. 



19. 



Calculate by logarithms : 

(132)(1837) 
167 

(2076X379). 
173 



22. J(^94)(1842). 
\ 307 



23. J(2373)(675) . 
^ 113 



21. 



(3059)(349) 
(19)(23)(2443)' 



24. vM)678. 
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25. QM^. 27. (217.6)(.00681). 

,, / (7688)(7719) 28. [Vgg(2.57j)r , 

^^' \ (248)(249) ^.00231 . V76.19 

29. Given a = 0.4916, c = 0.7644, and h^(^-a\ Find h. 
SuooESTioN. h ^ (^c — a)(c -^ a)» 

30. It is known that in steam engines, the piston head's 
average velocity (c) per second is approximately given by the 
formula : 

where s denotes the distance over which the piston moves 
(expressed in the same unit as c), and p the number of pounds 
pressure in the cylinder. 

(1) Find c, if s = 32.5 in., p = 110 lb. 

(2) Find 1), if c = 15 ft., s = 2.6 ft, 

31. Solve for x and y, computing decimal results to 2 deci- 
mal places : 

2*-6«'=0, 
2«+i - 12«' = 0. 

SUMMARY 

The following questions summarize the definitions and proc- 
esses treated in this chapter : 

1. What is a logarithm 9 Sec. 142. 

2. What is the meaning of base in logarithms ? Sec. 143. 

3. What is the integral part of a logarithm called ? What 
is the decimal part called ? Sec. 144. 

4. State how to find the logarithm of a product. 

Sec. 150, T. 
6. State how to find the logarithm of a quotient. 

Sec. 150, II. 
8 
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e. How in the logarithm of a power found? Sec 150, III. 

7. State each of the prooessee named in statements i, 5, and 

6 in the form of laws of exponents. Sec. 150. 

msioaiCAL noTB 

It i« remftrkftble that the discovery of Logsrlthma occnrred bo tlmelj, 
for thla great macblne of computation waa invented bj Napier at the 
beginning of the aeventeenth centuiy, just in time to aid the new nork In 
astronomy and narigatlon ; GalUeo bad derised the telescope aad Kepler 
was ready l<i calculate tbe orbits of tbe planets. It is also remarkable 
that Napier worked out the principle of Logarithms without the use of 
exponents, and this peculiar method, which is too complex to be ex- 
plained here, produced tables quite -difEerent from those now in use. As 
soon as Napier's great work on Logaritbms was published, Henry 
Brig^, a teacher in Gresliam College, London, hastened to visit Napier, 
and suggested tbe advantages of the base 10, and thus laid the foundation 
of OUT tables of common Logaritbnis. 

John Napier, also known as tbe Boron of Merchiston, was a Scotchman, 
bom in 1&£0, and published his work on Logarithms in 1614, only three 
years before bis death. The 
modesty and simplicity of Ihe 
great Scottish pbllosopber Is 
shown by his attitude toward 
Brig^, for when informed that 
tbe latter bad been obliged to 
postpone his promised vi^t, 
Napier regretfully replied, 
"Ah, Mr. Brig^ will not 

Napier's discovery, whose 
importance is not exaggerated 
by the claim that " it doubled 
tbe life of the astronomer by 
shortening bis labor," followed 
immediately upon the general 
acceptance of the Hindoo nota- 
tion and the introduction by 
Stevin of decimal fractions. 
Thus, the seventeenth centair 
JoBH H&Fiaa ' , , , . 

saw the perfection of the 

three greatest instruments of modern calculation, the Hindoo notation, 
decimal fractions, and Lognritluns. 



CHAPTER V 

IMAGINARY AND COMPLEX NUMBERS 

154. Imaginary Numbers. The numbers defined in what 
precedes have all had positive squares. Consequently^ among 
them the equation ic* = — • 3, which asks, " What. is the number 
whose square is — 3? " has no solution. 

A solution is provided by defining a new number, V— 3, as 
a number whose square is —3. Similarly we define V— a, 
a being a positive number, as a number whose square is —a. 

The square roots of negative numbers are called imaginary 
numbers. 

155. If a is positive, V— a may be expressed Va V— 1. 



Similarly, V^^^ = V49( - 1) = 7 V^H. 

156. Real Numbers. In distinction from imaginary num- 
bers, the numbers hitherto studied are called real numbers. 

WRITTEN EXERCISES 

Express as in Section 155 : 

1. V^. 4. V-100. 7. V^^. 10. V^^n^. 

2. V^IlS. 6. -V^ei. 8. -V^^^32. 11. \^=^. 



3. V^^^. 6. V^. 9. -V^. 12. -V-75. 

157. The positive square root of — 1 is frequently denoted 
by the symbol t; that is, V— 1 = *. 
Usmg this we write : 
\/ir6 = V5 . »•; v^349 = ±7i; also V-76aa6 = 5aV36.i. 

NoTB. Throughout this clmpter the radical sign is taken as positive. 

107 
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WRITTEN EXERCISES 

Rewrite the following, using the symbol i as in Section 157 : 

1. 2-hV^=li. 6. 25-.V^^2g. 9. 12-V^^. 

2. 3-V^^. 6. 5-V^. 10. 2^/^^^m. 

3. 4+V^^. 7. 3 + V^^. 11. W- (a 4- b). 

4. 5-V — 10. 8. 7+V-12. 12. Va + V-i^V. 



13. -V-ft'^c. 16. l>* + V-(i9H-^)*. 

14. a + V-(a*4-«*)- 17. V^— V- (aH-^;)2. 



16. a;4-y— V— »y. 18. Va;-fy + V— (a? + 2^)*. 

158. Complex Numbers. A binomial one of whose terms is 
real and the other imaginary is called a complex number. 

The general form of a complex number is a + bi, where a 
and b may be any real numbers. 

NoTB. Complex numbers are also simply called imaginary, any ex- 
pression which involves i being called imaginary. Single terms in which 
t is a factor (those which we have called imaginary above) are often 
called p ure i maginaries, while the others are called complex imaginaries. 
Thus, V— 2, 3V— a, 5 i are pure imaginaries and 1 — V— 3, a — V—b 
are complex imaginaries. 

159. Processes with Imaginary and Complex Numbers. 
After introducing the symbol i for the imaginary unit V— 1, 
the operations with imaginary and complex numbers are per- 
formed like the operations with real numbers. 

I. Addition and Subtraction, 



EXAMPLE 
AddV^, -V^=^, V^=^. 



\/^ = 3i. 

V^^ = V3 . i, 
.-.the sum is (3- 5 + V3) t = - (2- V3)<. 
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162. By means of the values of P, i**, »*, any power of i can 
be shown to be either ±i or ±1. 

For example: i"6« = i«> • i8 = (t'*)w . i^ = 1» . ^ = i*z=-^i. 

WRITTEN EXERCISES 

Simplify similarly : 

1. t\ 4. i^\ 7. t". 10. f^. 

2. t«». 6. i^. 8. i". 11. i*». 

3. «". 6. t". 9. i^. 12. i*»^ 

Perform the operations indicated : 

13. (1 4- ty. 15. (1 - iy • I*. 17. (1 + i) . *•. 

19. (I4.t).(l~i)2. 20. (l + ^)2-^(l-^)^ 

IMAGINARIES AS ROOTS OF EQUATIONS 

163. Complex numbers often occur as roots of quadratic 
equations. 

EXAMPLE 

Solve: ic« + aj-|-l = 0. (1) 

a;2 + x=-l. (£) 

Completing the square, «^4-a54-J=J— 1. (5) 

Test: (-Ji: JVS • i)* +(- J ± iVS . i)+ 1 = 0. 

WRITTEN EXERCISES 

Solve and test, expressing the imaginary roots in the form 

1. ic2-f-5=0. 6. ar'-6aj + 10 = 0. 

2. ar^+2aj+2 = 0. 6. m2 + 4m-f85 = 0. 

3. ic2 + 2aj + 37 = 0. 7. ar^ + lO a?4-41 = 0. 

4. jB»-8aj + 26 = 0. 8. a?4-30aj + 234 = 0, 
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7. 4 + t'by6-». 

8. a + on by a — a». 

9. a^ + bHhja^-b^L 



10. Vr4-3iby Vr — 3t. 

11. V^^by V^ by V=S. 

12. V— a by V^ by — d. 



III. Division, 

Fractions (that is^ indicated quotients) may be simplified by 
rationalizing the denominator (Sec. 364, p. 264, Part I). 

For example : 



1. 



-6 



8-V^^ (3-V-"6)(3 + V-6) 9-(-6) 

= J. (6 + 3\/^=^+ 2\/^^ - Vl6). 

' x-yi ix-yi)^x + yi) x^ ^. yi 

WRITTEN EXERCISES 

Write in fractional form and rationalize the denominators : 



1. V^=^-^V2. 

2. l^-(a + «0- 



3. V— 3-5-V-5. 



4. -y/ai -»- V— a. 
6. 1^(2-V^r3). 



7. a-i-(a — ftf). 

8. (a-\-bi)-^(a — bi). 

9. (3 + 6i)-5-(5 + 4f). 

10. (V3-9i)-?-(V2-9i). 



11. (aj-V^^)-«-(aJ + V--7). 



12. 



(»-^)*(-^0' 



6. 4 v^it: -5- - 2 v^^. V 2 

13. (v^r2+vz:5)-5-(V=^-V^. 

161 . Powers of the Imaginary Unit Beginning with t*= — 1 
and multiplying successively by i we find : 



i« = -l. 

i* = i2.t2 = -l(-l)=+l. 






t6 = i* . 1 = 1. 



t** = 1* • t* = i* = — 1. 
i' = i* . i = — 1 • 1 = • 

i« = t8 . 1 = 1. 
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162. By means of the values of (*, t*, i*, any power of i oan 
be shown to be either ±i or ±1. 

For example: i«» = i«> . <» = (i*)" .<« = l".i» = i«= — i, 

WRITTEN EXERCISES 

Simplify similarly : 

1. i\ 4. t". 7. t". 10. i*« 

2. i^. 5. t**. 8. t». 11. i«». 

3. «**. 6. t". 9. I*". 12. i^K 

Perform the operations indicated : 

13. (1 -f 0'- 15. (1 - 1)' . i\ 17. (1 + • »•. 

X4. (1-i). 16. (=1±^J. 18. (ril^y. 

19. (1 -I-*) . (1 - *)». 20. (l4-iy-s.(l-.i)«. 

IMAGINARIES AS ROOTS OF EQUATIONS 

163. Complex numbers often occur as roots of quadratic 
equations. 

EXAMPLE 

Solve: iB» + a?-fl = 0. (1) 

Oompletiiig the square, X^ + X+J=J— 1. (3) 

.•.x + l=±V^. (4) 

Tb8T : (- i ± 1 v^3 . t)-* +(- i ± } V3 -0+1 = 0. 

WRITTEN EXERCISES 

Solve and test, expressing the imaginary roots in the form 
a -h W : 

1. a;«+5=0. 5. iB2-6aj + 10 = 0. 

2. ar»+2a;+2 = 0. 6. m«4-4m-|-85=0. 

3. a?2 + 2aj-f 37 = 0. 7. ar» -f 10 a 4- 41 = 0. 

4. aj»--8aj + 26 = 0. 8. a:»4-30aj + 234 = 0. 
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9. ^-4y+53 = 0. 18. aj» + a?4-5 = 0. 

10. «« — 62r|-90 = 0. 19. 6a» + 3a; + l = 0. 

11. jp» + 202>-f 104 = 0. 20. 10a!«-2a; + 3=0. 

12. 2aj» + 4a; + 3 = 0. 2L 7^-«H-l = 0. 

13. 3a?4.2aj4-l = 0. 22. 12 a?* + a; + l =0. 

14. 12^+24=0. 23. S^-\-t-\-6 = 0. 
16. 6i«» + 30 = 0. 24, 7a:*-f ar + 5 = 0. 

16. a? — a + 1 = 0. 26. 152* +52; — 1 = 0. 

17. 4iB* + 4a? + 3 = 0. 26. 8v'+3v + 6 = 0. 

164. The occurrence of imaginary roots in solving equations 
derived from problems often indicates the impossibility of the 
given conditions. 

EXAMPLE 

A rectangular room is twice as long as it is wide; if its 
length is increased by 20 ft. and its width diminished by 2 ft., 
its area is doubled. Find its dimensions. 

Solution. 1. Let x = the width of the room, and 2 x its length. 

2. Then (2 a; + 20)(a5 — 2) = 2 . 2 aj • x, ora;^ — 8x + 20=0. 

3. Solving(2), a; = 4±2i. 

The fact that the results are complex numbers shows that no actual 
room can satisfy the conditions of the problem. 

WRITTEN EXERCISES 

Solve and determine if the problems are possible : 

1. In remodeling a house a room 16 ft. square is lengthened 
on one side a certain number of feet and decreased on the other 
by twice that number. If the area of the room as changed is 
296 sq. ft., what are the original dimensions ? 

2. A triangle has an altitude 2 in. greater than its base^ 
if it has an area of 32 sq. ft., find the length of its base. 

3. If a train moving x mi. per hour travels 90 mi. in 15 — a: 
hours, what is its rate per hour ? 
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GRAPHICAL REPRESENTATION 

165. We have seen that positive integers and fractions can 
be represented by lines. 

Thus, the line AB represents 3, and n 

the hne BC represents 3|. A B 



B 



Similarly, we have seen that negative integers and fractions, 
which for a long time were considered to be meaningless, can 
be represented by lines. 

Q Thus, the line BA represents — 3, and 







«4< 

B 



Q the line CR repre- 



A B 

sents — 3}. 

Irrational numbers can also be represented 
by lines. 

Thus, in the right-angled triangle ahc^ the line ah 
represents the V2. 




I I 



i 

..*•-.. 



y 



I I 



[ 



! i 



f 



-li 



I 

I 

•1— 



! 



I I 



1+1 



'X- 



Like the negative number 
the imaginary number re- 
mained uninterpreted several 
centuries. But this number 
also can be represented graph- 
ically. 

Thus, if a unit length on the 

y-axis be chosen to represent V— 1 

or f, the negative unit — V— 1 or 
— t should evidently be laid off in 

the opposite direction. 3V— 1 or 
' ^ ' ^ * ' • » ^ 3i would then be represented by 
OA and — 3 1 by OB^ as in the figure, and others similarly. 



-t 



-1" 



I J 



% 



The reason for placing V— 1 or t on a line at right angles 
to the line on which real numbers are plotted may be seen in 
the fact that multiplying 1 by V— 1 twice changes +1 into 
— 1. On the graph 4- 1 can be changed into — 1 by turning 
it through 180°. If multiplying 1 by V— 1 twice turns the 
line 1 through 180°, multiplying 1 by V— 1 once should turn 
+ 1 through 90^ 
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For example : 



1. Bepresent graphically V— 4 : 

V— 4 = Vil = 2 1 ; this is represented by a line 2 spaces long drawn 
upward on the y-axis. 



2. Represent graphically — V— 3 : 

— V— 3 = — ^87=— 1.7 < (approximately) ; this is represented by 
a line 1.7 spaces long drawn downward on the y-axis. 



WRITTEN EXERCISES 



Represent graphically : 



1. 3t. 

2. -2t. 

3. V^=^. 

4. V^^Te. 



5.-5 f. 
6. 5i. 



9. -6V^ 
10. — 3t. 



7. V-3. 

8. -V^=nS. 



11. +2V--3. 

12. 5V^^. 

Complex numbers 
may be represented 
graphically by a modi- 
fication of the plan 
used in representing 
imaginary numbers. 

EXAMPLES 

1. Represent graph* 
ically 3 + i. 

To do this 3 is laid off 
on the axis of real num- 
bers (ocx'), and i upward 
on the axis of imaginaries 
(yy'). As in other graphical work this locates the point Pi which is 
taken to represent the complex number, 3 -f t. 

The number VoM-^ is called the modulus of the complex number 
a + bi. As appears from the figure OPi = V3^ + 1*, and hence OPi 
represents the modulus of 3 + i. 
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2. Represent, graphically 3 — i. 

The point Ps is the graph of the complex number 3 — i, and OPs 
represents its modulus. 

3. Represent graphically — 3 — 6 i. 

The point Pg is the graph of the complex number — 3 — 6 J, and OPs 
represents its modulus. 

We have thus interpreted by means of diagrama positive and 
negative integers, positive and negative fractions, positive and 
negative irrational numbers, and positive and negative com- 
plex numbers ; in fact, all of the numbers used in elementary 
algebra. 

SUMMARY 

The following questions summarize the definitions and 
processes treated in this chapter: 

1. What is an imaginary number 9 Sec. 154. 

2. What term is used to designate numbers not imaginary ? 

Sec. 166. 

3. Define and illustrate a complex number. Sec. 158. 

4. What is the meaning of the symbol i in complex numbers ? 

Sec. 158. 

6. How may any integral power of i be expressed ? 

Sees. 161, 162. 
6. How do imaginary numbers often occur in practice? 
What do imaginary roots indicate in solving problems ? 

Sees. 163, 164. 

HISTORICAL NOTE 

Negative numbers were so long a stumbling block to mathematicians 
that their square roots were naturally regarded as impossible until recent 
times. The Greeks understood irrationals and could,expre88 
many of these numbers concretely ; for example, the \/2 was 
shown by them to be the length of the hypotenuse of a right 
triangle whose sides are unity, as in the figure, but the V— 2 
had no meaning to them. The Hindoo, Bhaskara, said: 
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" 'nie aqaare of a positive, as also o( a ne^ive number, ia po^tive, tad 
there 'a do square root of a negative number, for it'U not a squaM." 
Even tbe great scbulars of tbe sixteenth and seventeenth centuries did 
little more than to accept imaginaries as numbera, and it remaned tor 
Caspar Weasel (1707) to make the fliM concrete repreeentaUon of complex 
unmbere; but biadiscoveiy made little impreeaion until Gauss emphasized 
lis importance. 

Karl Friedrich Gauae was born at Brunswick, Germany, in 17TT. His 
father was a mason and took little Interest in his son's education, but 
the boy's wonderful genius for 
numbers attracted the attention 
of hia teacheia, who induced 
the Duke of Brunswick to send 
young Gauss to a preparatory 
school. He entered tbe Uni- 
versity of Gttttingen in 1795 and 
soon made diacoveries in tbe 
properties of numbers that won 
for him high rank among matbe- 
tnatlcians. On the appearance 
of bis great work, DC»qvt$itCotie» 
Arithmetics, published in 1801 
when Gauss waa only twenty- 
four years old, hiacon temporary, 
Laplace, declared Gauss to be 
tlie greatest mathematician d 
all Europe, Gauss died in 1866 
alter a life devoted to mathe- 
matics. He enriched all ita 
Xakl Frirhbich Gauss . . , i j, ■,„ „„„ii„ 

hranches, including its applica- 
tions in astronomy and physics, with the lasting ptoducls of his wonderful 
genius. He has been worthily called : Princeps Mathematiconim, tba 
rrince of li 
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Notes : 1. Step 2 may be done by simply noting two points of the 
graph of yz=x-\-Q and laying a nder connecting them. The roots can 




be read while the ruler is in position, and thus the same graph for 3^ = o^ 
can be used for several solutions. 

2. The equation must first be put in the form oc^ + pa; + g = 0, if not 
so given. 

WRITTEN EXERCISES 
Solve graphically : 



1. aj2 — 5aj-|-6 = 0. 

2. a^ + 3a;H-2 = 0. 

3. aj2_2aj-3 = 0. 

4. a?*-f 2 a? — 3 = 0. 
6. a;2-3a?-40 = 0. 

6. ar« + 4aj4-4 = 0. 

7. 2aj«-a?-l = 0. 

8. 3aj*-2aj-l = 0. 



10. a;2 + « — 2 = 0. 

11. 4:iC^-j-4:X-{'l = 0. 

12. aj2-9 = 0. 

13. aj* — 4a? + 4 = 0. 

14. a^ + |aj + i = 0. 
16. ar*-4aj + 3 = 0. 

16. a? — 4aj — 6 = 0. 

17. a?^-7a? + 12 = 0. 

18. «»-3a:-10 = 0. 
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WRITTEN EXERCISES 

1. Construct on a large sheet of squared paper the points 
corresponding to the table of squares given below. 

2. Then sketch a smooth curve through the numbbb | swam 
points beginning with — 5, 25. 

The work should be carefuUy done, and the result pre- 
served for later use. As there are no negative values 
of x'^, the r-azis should be taken near the lower edge of 
the paper. The unit chosen should be quite large ; for 
example, 10 spaces. Then the table might include squares 
of numbers increasing by tenths : 1, 1.1, 1.8, etc. The 
curve will be a graphical table of squares and square 
roots. 

3. Bead to one decimal place from the graph 
V2; V3; V5; V6; V7; V8. 

Every y-distance is the square of the corresponding x-distance ; and 
every x-distance is the square root of the corresponding y-distance. We 
see that for every y-distance there are two corresponding x-distances, 
one plus and the other minus, corresponding to the two square roots. 
Thus the points of the curve for which y = 4 are those whose values 
of X are 2 and — 2, respectively, i,e. Vi =±2. 



-6 


25 


-4 


16 


-8 


9 


-2 


4 


-1 


1 


-0 





1 


1 


2 


4 


8 


9 


4 


16 


6 


25 



168. Graphical Solution of Quadratic Equations. ' Any value 
of X which satisfies the system 



{ 



makes a^ equal to —pa? — g, or aj* +px -f g = 0. 

The values of x satisfying the system may be read from the 
graph of y = aj*. 

EXAMPLE 

Solve graphically aj* — a? — 6 = 0. 

1. Construct the graph of y = x^. (As in Sec. 167.) 

2. Construct the graph of y = x + 6* 

3. They intersect at points for which x = — 2 and + 8. 
.•• the roots of x* — x — 6 = are — 2, 3. 
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NoTBs : 1. Step 2 may be done by simply noting two points of the 
graph of 2^ = X + 6 and laying a ruler connecting them. The roots can 




be read while the ruler is in position, and thus the same graph tory^sfl 
can be used for several solutions. 

2. The equation must first be put in the f onn ac^ + l>x + g = 0, if not 
80 given. 

WRITTEN EXERCISES 
Solve graphically : 



1. a:2_ 5^.4.6 = 0. 

2. aj2 + 3aj + 2 = 0. 

3. aj2-2a?-3 = 0. 

4. ar«4-2a?-3 = 0. 
6. aj«-3ic-40 = 0. 

6. ar'-f4aj + 4 = 0. 

7. 2a«-aj-l = 0. 

8. 3a^-2aj-l = 0. 



10. aj« + a? — 2 = 0. 

11. 4a:'^-f-4a:-f 1 = 0. 

12. aj2~9 = 0. 

13. iB* — 4a; + 4 = 0. 

14. aj*+2a.^| = o. 

16. a?-4aj-|-3 = 0. 

16. a? — 4aj — 5 = 0. 

17. a?-7a; + 12 = 0. 

18. a?-3aj-10 = 0. 



120 



A HIGH SCHOOL ALGEBRA 



19. The path of a projectile fired horizontally with a given 
velocity from an elevation, as at in the figure, may 

be represented by the graph of the equation y = ^—, where 

gr = 32 and v is the initial velocity of the projectile in feet per 
second. Let v = 16 ft. per second and compute the numbers to 
complete the table of values of x and y. 



Tabim 





1 

4 
8 

16 
24 
82 
48 





() 
() 
() 
() 
() 
() 
() 
() 




Bead from the graph of this table the horizontal distance 
traveled by the projectile when it is 4 ft. below the starting 
point. 

20. Construct similarly the path of a projectile whose initial 
velocity is 32 ft. per second. 

21. A cannon of a fort on a hill is 300 ft. above the plane 
of its base. The cannon can be charged so as to g^ve the pro- 
jectile an initial velocity of 100 ft. per second. How far does 
a projectile travel horizontally before it strikes the plane ? 

22. The enemy is observed at a point 2^ mi. from the foot 
of the vertical line in which the cannon stands. With what 
initial velocity must the ball start to strike the enemy? 
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169. Graphs of Quadratic Functions. The solutions of 
005* -h &» -f c =s may also be represented graphically by plot- 
ting the curve corresponding to y = aat^ -\- bx -{- c. The real 
roots of the equation will be represented by the points where 
the curve cuts the oT-axis. 



EXAMPLE 



Kepresent the solutions of aj* + a? — 2 = 0. 

To draw the curve y = x^ + 
z^2, we make a table of a 
sufficient number of pairs of 
values of x and y, plot the cor- 
resi)onding points, and sketch a 
smooth curve through them. 



X 


y 


-4 


10 


-3 


4 


-2 





-1 


- 2 


-J 


- 2A 


-1 


- 2J 


-i 


- 2A 





- 2 


1 





2 


4 


3 


10 


4 


18 



Note. When the integral 
values do not satisfactorily out- 
line the shape of the curve, frac- 



tional values of x must also be ^ 
used as above. 




[ I m i'"i fi i r i"iT f 



This graph not only represents the solutions of o^ + a: — 2 = 0; 
but, what is far more important, it represents the values and 
variation of the polynomial a^ + a; — 2 for all values of x 
(within the limits of the figure). Thus EF represents the 
value of the trinomial for a; = ^, and CD that for a; ss — 2|« 
9 
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GRAPHS OF SIMULTANEOUS QUADRATIC EQUATIONS 

170. Preparatory. 

1. In the same diagram construct graphs to represent the 
equations : 

a^ + f = 25, 



(: 



Compare the result with this figure. 




2. Solve the system of equations in Exercise 1. 

Compare the values of x and y with the coordinates of the 
intersections of the graphs. 

In how many points does the straight line intersect s^ 
circle ? 

How many solutions has the given system of equations ? 
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WRITTEN EXERCISES 

Treat each trinomial of Nos. 1 to 9 below as follows : 

(1) Draw the graph of the trinomial. 

(2) From the graph discuss the variations of the trinomial 
as in Section 169. 

(3) From the graph read approximately the roots of the 
equation resulting from equating the trinomial to zero. 

(4) If the trinomial is equated to a, read froip the graph 
the range of values of a, for which the roots of the equation 
are, (i) real and distinct, (ii) real and equal, (iii) imaginary. 

(5) Last of all, verify those of the preceding results which 
relate to roots of the equations by solving the equations. 

1. a?* 4- 5 a? — 6. 4. ic* + 4a? — 6. 7. ic* -f 2 a? + 3. 

2. a:* -f- 3 a? + 2. 6. 3aj=' — 2aj. 8. a?* — 2aj — 1. 

3. 2a^ — 5aj-|-2. 6. a;' — 4. 9. 8 + 2aj — a*. 

10. Draw the graph of the function 2 a;* -f 5 a? — 3, and 
state how it varies as x varies from a negative value, numer- 
ically large at will, through zero to a large positive value. For 
what values of x is the function positive ? For what values 
negative? 

11. Draw the graph of the function 6 aj^ — aj — 5, and state 
how it varies as x varies from a negative value, numerically 
large at will, through zero to a large positive value. For what 
values of x is the function positive ? For what values negar 
tive ? 

12. What is the graphic condition that aoc^ + bx + c shall 
have the same sign for all values of a? ? What must therefore 
be the character of the roots of aa^ -^ bx + c = 0, if the tri- 
nomial aaj2 4- 5a; -{- c has the same sign for all values of aj ? 

Determine m so that each of the following trinomials shall 
be positive for all values of x : 

IZe p^i-mnp+B. 14. 3a^-5x + m. 16. ma^ + 6aj + 8. 
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GRAPHS OF SIMULTANEOUS QUADRATIC EQUATIONS 

170. Preparatory. 

1. In the same diagram construct graphs to represent the 
equations : 

« - y = — 1- 



i: 



Compare the result with this figure. 




2. Solve the system of equations in Exercise 1. 

Compare the values of x and y with the coordinates of the 
intersections of the graphs. 

In how many points does the straight line intersect s^ 
circle ? 

How many solutions has the given system of equations ? 
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3. Construct in one diagram the graphs of the equation 

fa:« + y' = 25, 

Compare the result with this figure. 




4. Solve the system of equations in Exercise 3. 
Compare the values of x and y with the coordinates of the 
intersections of the graphs. 

171. Graphical Solution of Two Simultaneous Equations. 
Every point of the graph of one of the equations has coordinates, 
X and y, that satisfy that equation ; the points of intersection 
are points of both graphs and therefore have coordinates, x and 
y, that satisfy both equations. Hence, to solve two simul- 
taneous equations graphically, draw their graphs and read the 
coordinates of their intersections. The coordinates of each 
point of intersection correspond to a solution. If the graphs 
do not intersect, the system of equations has no real roots, all 
of them being imaginary numbers. 
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To find the relation between the grapha of equation (1) and 
equation (2), they are plotted on the same axes. 
Inequation (1) y, or/(i) = x — V2x' + n +S. 
In equation (2) y, or/(z) = i» — Ca; + 8. 

VALUES FOE PLOTTINO 



Sv,i.r 


ION (l) 


* 


A') 


-2 


-4 


_1 


-2.8 




-1.1 




-0.8 









0.1 







« 


-0,4 



« 


A*) 


-2 


24 


_ 1 


15 





8 


I 


3 


2 





3 


-1 


4 





5 


3 



In finding values of y always take tbe pontive Mgn of the radical. 

Although the graphs of equa- 
tions (1) and (2) are entirely 
different, each cuts the avaxis 
in points 2 and 4. This shows 
why both roots of equation 
(2) also satisfy equation (1). 
Hence, no extraneous roots are 
introduced in this ease by squar- 
ing. 

The equations not being of 
higher degree than the second 
can not hare other roots. 



l)(3;-5)=0. (f) 

~6i + 5=0. (J) 

1, 6. But 1 is not a root of (1). E satjafiea equations 



Sqaarinff, 

Solving (3), X 
(!)• (3). (S), and 1 salUfies (2) and (3). 
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indicates that the other two roots are imaginary, for the curve does not rise 
high enough to cut the axis again, so as to make two more real intersec- 
tions. The imaginary roots are — V— 2 and + V— 2. 

Thus we have an illustration of the fact that imaginary roots always 
occur in pairs. Consequently, a cuhic equation can only have two im- 
aginary roots and must have either one or three real roots. An equation 
of the fourth degree may have either one pair or two pairs of imaginary 
roots ; hence, it may have either none, two, or four real roots. 

If the curve just touches the x-axis and then turns away from it, the 
equation has an even numher of equal real roots corresponding to this 
point of contact. 



ORAL EXERCISES 

1. How many roots has a cubic equation ? If the roots of 
the cubic equation are all real and unequal, in how many points 
does the graph cut the aj-axis ? 

2. Can a cubic equation have two and only two real roots ? 

3. If the roots of a cubic equation are 2, 2 and — 5, in how 
many places does its graph cross the avaxis ? What will indi- 
cate the equal roots ? 

4. When might the graph of a fourth degree equation not 
out the a>axis at all ? 

5. What is the greatest number of intersections with the 
X-axis possible for the graph of a fifth degree equation ? 

173. Graphs of Radical Equations. The graphs of radical 
equations picture the changes which account for extraneous 
roots. 

EXAMPLES 



1. Given x- V2^+17 = -3. (/) 

T«.^i^n.«d ^.^6. + 8 = 0. (^) 

Then, (x - 2) (JC — 4) = 0. (5) 

Therefore the roots are 2 and 4, both of which satisfy (i). 
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To find the relation between the graphs of eqiiation (1) and 
equation (2), they are plotted on the same axes. 
Inequation (1) y, or/(x) = * — ^2 a:* + 17 +8. 
Inequation (2) p. or/(i) =x!'—6x + 6. 



VALUES FOB 



a; 


fix) 


-2 


-i 


-1 


-2.S 





-l.l 


1 


-0.S 


2 





3 


0.1 


4 





6 


-0.4 



^ 


m 


-2 


24 


-1 


16 





8 


I 


3 


2 





3 


-1 


4 





6 


3 



lu finding Talues of g aInaTfl take the poritiTe sign of the radicaL 

Although the graphs of equar 
tions (1) and (2) are entirely 
different, each cuts the ic-axis 
in points 2 and 4. This shows 
why both roots of equation 
(2) also satisfy equation (1). 
Hence, no extraneous roots are 
introduced in this case by squar- 
ing. 

The equations not being of 
higher degree than the second 
can not have other roots. 



Bqiuribg, 
Bi(iurliiK, 



(1), (2), (3), and 1 aatisfies (2) and (3). 



It a root of (1). 6 saUgfies equations 



CHAPTER VII 

QUADRATIC EQUATIONS 
THEORY 



I 

175. The general form for a quadratic polynomial with one 
unknown quantity is oo^ -|- 6a: -h c, where a, by and c denote any 
algebraic expressions not involving x, and where a is not zero. 
If a is zero the polynomial is linear. 



For example : 1. 6 a;^ — 7 a; + 8. 

Here a = 5, 6 =— 7, c = 8. 

2. -l^L_x2 + 8a;- ^*^ 



2n+l 2n— 1 

Here o =--1^, 6 = 3, c = -pAH.. 
2n+l 2n-l 

WRITTEN EXERCISES 

Put the following expressions into the form aa^ + hx + c: 

1. 3aj + 5aj(a;-2)-f-4(iB*-6). 4. (x -{- q) ^ q (x^ - U). 

2. 7(4aj-l)4-(aj + 3)(aj-2). 6. (aa? + 6)(ca; + c?). 
a a(6a;4-c)(2da;-|-3c). 6. (aj* — a)+(ar^- 6). 

7. (aJ + g)(a:+i))-(a?-g)(2aj-p). 

V2^3; 3V8 s) 
9. o' + afe — aaj — 6(a + a; + a*). 

10. a;(a;-2)(aj-4)-aj2(a?-6). 

11. (2a?4-l)'-(3aj + l)'+(4aj + l)«. 

12. (x - l)(aj - 2)(aj - 3)-.(aj + l)(aj + 2)(aj + 3). 

131 
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176. Similarly, every quadratic equation can be pat into the 
form oj^ + bf + c = by transposing all terms to the left mem- 
ber and then putting the polynomial which constitutes the left 
member into the form oa^ + to + ^ 

For example : 

GiTen (mje + 3 a)< = wafi ^ 5(aaix — 2), 

then w^j* + 6 amx + 9 1^ = mafi - 6 oaix + 10» 

tnuuponng, (»<— m)zs+ Uomc + Q^ — 10 = 0. 

Hence, a = «' — m, 6 = 11 am, c = 9^>- 10. 

METHODS OF SOLUTIOH 

177. General Solution. By solving the general quadratic 
equation ojc' + to + c^Oy general formulas for the roots are 
obtained. 

Solve: aa^ + &i; + c = 0. (J) 

a a 

Addinr ^— to eompleta tb« • , • , « 

•qiure and sabtnettiv tb« ■*" T 4«« ~ 4c^ i ~ ^^ 

(-.^)'-(i%-f)- «> 



the aqiura of iU aqiiara / h \« /V6* — 4ac\« |v ^-^ 

Ftetorinff (5), ' 

V 2a 2a l\ 2a 2a / ^ ^ 

2a V 2a / 2a V 2a ^ ^ ^ 

Denoting these roots by r^ and r, : 

^ — 6+V6* — 4ac 
^^ = 2-a 



— 6 — V6* — 4 oc 
2a 

By substituting in these formulas the values, including the 
signs, that a, &, c have in any particular equation, the roots of 
that equation are obtained. This is called solution by fonmila. 
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Solve: 

Here, 


EXAMPLE 

3aj«-9a; 4-5 = 0. 
a = 3, 6 =-9, c = 6, 


a) 


and 


3._-(-9)±V(-9)a-4.3.5 

23 


(^) 




_9±V81-G0_9±V21 
6 6 


(-^) 



WRITTEN EXERCISES 
Solve by formula : 

1. aj» — 4a?-f-4 = 0. 9. aj« — aj4-6 = 0. ' 

2. aj»-5a?4-6 = 0. 10. 2a:*-aH-2 = 0. 

3. aj» — 3aJ4-2 = 0. 11. 3aj*-2a; + l = 0. 

4. a^ — X — 1 = 0. 12. 7aj« + 6aj — 4 = 0. 
6. a?-}-3aj + l = 0. 13. 4aj*-12aj-f 9 = 0. 

6. a?* + 2a?-l = 0. 14. 3aj* + 5a;-2 = 0. 

7. a?-13a? + 9 = 0. 16. 5aj*-4a? + 6 = 0. 

8. 2iB»-7a;-.3 = 0. 16. 7aj» + 6x-8 = 0. 

178. Literal Quadratic Equations. When any of the coeffi- 
cients of a quadratic equation involve letters, the equation is 
called a literal quadratic equation. 

Such equations are solved in the usual way. 







EXAMPLES 


• 


1. 


Solve: 


aj»-f-6ma;+8 = 0. 


(i) 




Completing the square, 


a;2 + 6ma5=— 8. 
a;2 + 6 mo; + 9 m2 = 9 w2 - 8. 
.-. (x + 3w)2 = 9m2-8. 
.-. a; + 3w= ±V9m2-8. 

.-. a; = -3m±V9TO2-8. 


(«) 
(4) 

(5) 


2. 


Solve : 


f« + 9^+^ = 0. 


(^) 




Here, 

Henoe, hj Sec 177, 


a = 1, b = g, c=h. 


(«) 




2 


W 
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3. Solve: g^ + 2vt=^28. (^ 

Hen. a = g, 6 = 2«, c = -2«^ W 

Hence, by Bee in. * = ' Ij^ ^^^' ^>'- "^^^ ' '^ ^^^ 

WRITTEN EXERCISES 

Solve: 

1. t«-8« + 24d = 9d*. 11. mW + 2ma; = -l. 

2. ay«-(a-6)y-& = 0. 12. aj» + 2j9X-l = 0. 

3. t«» + 4au? + a« = 0. 13. 4aj» -4ax + 16 = 0. 

4. ^;l -. 4 ami? = (a* - m*)«. 14. a«iB» + 2 oa? + 5 = 0. 
5 «^_a»=:2&(a-w). 16. mW + 4mx-6 = 0. 

6. ^ + at==k. 16. a:*-4aaj = 9. 

7. u« + A:u + l = 0. 17. 5aa^ + 36x + 2y = 0. 

8. t;» + mv = l. 18. 6V- 2&aj = ac- 1. 

9. aa;« + 6aj4-c = 0. 19. a^-Sax + 10a? = 0. 
10. x* + a« + 6 = 0. 20. 2ic«-3aj = a(3-4a;). 

179. CoUected Methods. We have used three methods of 
solving quadratic equations : 

1. Factoring. 

a^^Sx + 2:=0. («-2)(a5-l). x^2, x=^l. 

a?»-(a + 6)a; + a6 = 0. (a; - a)(aj - 6). x = a, «=6. 

2. Completing the square. 

Equation SoLcnoif »<><>« 



^ .T -1 ±V-7 

a? ^. aj +2 = 0. See Sec. 371, Part L a? == ^ ^ 
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aaj*-h 6a? 4- c = 0. See Sec. 371, Part I. a? = 



3. Formula. 

Equation 



aa^ + 6a5 + c = 0. 



Solution 



3aj* + 2aj-7 = 0. See Sec. 177. 



See Sec. 177. 



_-.& j-VyZT 



ao 



0? = 



2a 

Roots 

1±V22 



_~6±V6«-4 



(Cs 



ac 



2a 



WRITTEN EXERCISES 

Solve by factoring : 

1. aj*-aj-.6 = 0. 6. aj«-a?-30 = 0. 

2. aj» — aj-2=0. 7. a;* + a;— 12 = 0. 

3. aj« + a?-2 = 0. 8. a;«-3a; + 2 = 0. 

4. a;*4-aJ — 6 = 0. 9. a:« + lla? + 30 = 0. 
6. aj» + 3aj-f 2 = 0. * 10. aj«-7aj + 12 = 0. 

Solve by completing the square : 

11. a;2 + aj + l = 0. 15. aj«- 5a; + 10 = 0. 

12. aj2 + 3aj-hl = 0. 16. aj^ _ 16 a? + 60 = 0. 

13. a;«-^a; + l = 0. 17. ar^ + |aj + | = 0. 

14. «* — 1.5aj + .6 = 0. 18. »« -I- 7.5 a? — 3.6 = 0. 



Solve by formula : 

19. 3aj« + a; + 5 = 0. 

20. 2aj2-6aj-3 = 0. 

21. 4aj2 + 3aj-l = 0. 

22. 5»* + 2a:4-6 = 0. 



24. a:' + l = 0. 

25. aj2 + 15aj + 56 = 0. 

26. a:« + 8aj + 33 = 0. 

27. «*- 10a: + 34 = 0. 

28. 2a;* + 3aj-27 = 0. 



23. a;2+a; + l=0. 

Solve and test, using whichever of the methods in Sec. 179 
seems most convenient : 

29. 9y«-4 = 0. 31. 5a:«-4aj + 4 = 0. 

30. 6««-13a:+6 = 0. 32. <« + ll< + 30 = 0. 
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S3. 6«»-6a~6 = 0. 39. aj^ - .7 a? + .12 = 0. 

34. 6r«-2r-4 = 0. 40. 11 «« + 1 = 4(2 - x)*. 

36. to« + 4ti; — 3 = 0. 41. aB»+(a + 6)aj + a6 = 0. 

36 ^£lll -L ^5-±-l — 3 *2. 05* — (6 + c)aj + 2>c = 0. 

2aj + l 2a?-l ' 43. 2aa? + (a-2)a:- 1 = 0. 

37. aj*-2aj + 3 = 0. a* a« _ 

38. aj» - 0.5 a? + 0.06 = 0. * M^~6^~^ 

45. The product of two consecutive positive integers is 306. 
Find the integers. 

Solution. 

1. Let X be the smaller integer. 

2. Then x-\-lia the larger. 

3. .*. x(x + 1) is their product 

4. .*. x(x + 1) = 306, by the given conditions. 
6. .'. sc« + a; - 806 = 0, from (4). 

8. ... X = -l±VjTmi ^ -1^ = 17, or _ 18, aolving (6). 

Since the integers are to be positive, the value — 18 is not admissible, 
a; = 17, .■. x + 1 = 18, and the integers are 17 and 18. 
Test. 17 • 18 = 306. 

46. There is also a pair of consecutive negative integers 
whose product is 306. What are they ? 

47. If the square of a certain number is diminished by the 
number, the result is 72. Find the number. 

48. A certain number plus its reciprocal is — 2. What is the 
number? 

49. A certain positive number minus its reciprocal is f. 
What is the number? What negative number has the same 
property? 

50. The perimeter of the rectangle 
shown in the figure is 62 in. Find the 
sides. 

61. One perpendicular side of a certain right triangle is 31 
units longer than the other ; the square of their sum exceeds 
the square of the hypotenuse by 720. Find the sides. 
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Bi«. In a rght triangle of area 60 sq. ft. ; the difference 
between the perpendicular sides is 7. Find the three sides. 

Note. Those who have studied geometry may take up some of the 
problems based upon geometric properties found in Chapter X. 



RELATIONS BETWEEN ROOTS AND COEFFICIENTS 

180. Relation of Roots to Coefficients. By adding the 
values found for the roots (Sec. 177), we obtain 



Tl + Ti^—- ;r— H = — , 

2a 2a 2a 2a a 

Multiplying the values, we find 



_ — 5— V52_4qc ^ ^ ft -}- V62 - 4 ac _ y ^ 6^ 4- 4 a c__ c 
'*^'"*~ 2^ ^ 2a ■" 4a^ "a* 

Applying these results to the equation a?*+j?a; + g = 0, we 

have: 

n + r-2 = -i), 

In words : 

In the equation x* + px + q = 0, the coefficient of x with its sign 
changed is the sum of the roots, and the absolute term is their 
product. 

Every quadratic equation can be put into the form x^ +px+q = OhY 
dividing both members by the coefficient of x^. 

181. Symmetric Functions of the Roots. It is apparent that 

the equations in Section 180 remain unchanged if ri and rg are 

interchanged. On this account the expressions Vi + r^ and rir^ 

are called symmetric functions of the roots of the quadratic 

equation. There are other such functions, but these only will 

' be treated here. The two following sections show some of their 

uses. 

10 
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182. By means of Section 180 a quadratic equation may be 
written whose roots are any two given numbers. 

EXAMPLES 

1. Write an equation whose roots are 2, — 3. 

-|) = ri + r, = 2+(-3) = -.L .\p = l. 

g = rirj = 2(-.8)=— 6. 
,\ afl-j-x^Q^Oia the equation sought. 

2. Write an equation whose roots are ^ + V— 3, ^ — v — 3. 

g = nr,=(j+v::^)(i-V33)=i-(-8)=j^, 

.'. jb^ — X + V = is the equation sought, 
WRITTEN EXERCISES 

Write the equations whose roots are : 

1. 4, 6. 6. 24, 30. 11. a, — 6. 

2. f , |. 7. 8f , 10. 12. 8, - 40. 

3. 7, —If 8. —5,-20. 13. a — bifa + bi. 

4. -4,4-4. 9. -f±^V6. 14. l + 2t, l-2i. 
6. 1±V^^. 10. |.±^V=47. 15. I-V2, i4-V2. 

183. Testing Results. The ultimate test of the correctness 
of a solution is that of substitution; but this is not always 
convenient, especially when the roots are irrational. In such 
cases, the relations between the roots and coefficients are of use. 

For example ; Solving 2x2 — 6a; + 6=:0, 

or x^— j X + 8 = 0, 

the roots are n = J + }>/-28 and r2 = J- JV— 23. 

Adding, ^— (n + r2) = -^ = — J, the coefficient of x. 

Multiplying, rir2 =(J)2-(J>/- 23)2= H + fl = 8, the absolute teim. 
Therefore, the roots are correct. (Sec. 180.) 

184. In what follows, the coefficients a, b, c are restricted to 
rational numbers. 
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185. Character of the Roots. By examining the formula for 

the rootS; "~ — 2?, it appears that the character of the 

roots as real or imaginary, rational or irrational, equal or un- 
equal, depends upon the value of the expression &' — 4 oc. 

1. If &> — 4 00 is positive, the roots are real. 

Thus, in a;2 + 4 X — 3 = 0, 6* — 4 ac = 16 + 12, or 28, .•. the roots are 
real and unequal. 

2. If 6' — 4 oe is a perfect square, the indicated square root can be 
extracted, and the roots are rational. 

Thus, in x^ - 4 X + 3 = 0, ft^ _ 4 ^c = 16 — 12, or 4, .-. the roots are 
rational and unequal. 

3. If &3 — 4 ac is not a perfect square, the indicated root cannot be 
extracted and the roots are irrational. 

Thus, in x3 + 6x + l = 0, &> — 4 ac = 26 — 4 = 21, .*. the roots are 
irrational. 

4. If &> — 4 ac = 0, the radical is zero, and the two roots are equal. 
Thus, in x«- 10 x + 26 = 0, fta- 4 ac = 100 — 4.26 =0, .-. the roots 

are equal. 

6. If 6^ — 4 oe is negative, the roots are imaginary. 

Thus, in 2 X* — X + 1 = 0, 6^ - 4 ac = 1 — 8, or — 7, .•. the roots are 
complex numbers. 

Consequently, it is merely necessary to calculate 6^ — 4 ac to know in 
advance the nature of the roots of a quadratic equation. 

186. Discriminant Because its value determines the char- 
acter of the r^oots, the expression &' — 4 oo is called the dis- 
criminant of the quadratic equation. 

ORAL EXERCISES 

Without solving the equations, find the nature of the roots of : 

1. aj* + a;-20 = 0. 8. 6a;* -f«-l =0. 

2. ic*4-« — 3 = 0. 9. 7a*-i-3aj — 4=0. 

3. 2a?'-a? + 2 = 0. 10. -4a:-|-8aj«-f 1 = 0. 

4. 3ic*— aj4-3 = 0. 11. 5-f-4aj*-3a; = 0. 
6. 2aj* + 2a?-4 = 0. 12. 7a?H-6-f-a* = 0. 

6. 5aj* — 3aj + 6 = 0. 13. - 6aj+9iB*-h3 = 0. 

7. 3aj»-4aj-f-6 = 0. 14. »*-6ic + 4 = 0. 
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187. The relation ^ +px + g = a:* — (n -f rj)a; + rir, may be 
written : 

(1) ic* -I-2XB + g = (a; — ri){x — r,). 

And since a:'+jxc4-g = "'^"^^^"^^ in which j? = ^, g = ^, 
t a a a 

we have 

(2) ax* + &a;4-c = a(a: — ri) (a; — rj). 

188. The solution of a quadratic equation^ therefore, enables 
us to factor every polynomial of either form (1) or (2). 

Since Vi and r^ involve radicals : 

1. The factors will generally he irrational. 

2. The factors will be rational when r^ and rj are so; that is 
when b* — 4 ac IS a perfect square. 

3. The two factors involving x mU he the same when the roots 
are equal; thai is, when b' — 4 ac = 0. 

In the last case the expressions are squares and 

(1) becomes (a? — ri)*, and 

(2) becomes [ Va (a? — r^y. 

EXAMPLES 

TuNOMiAL 5<— 4ao Katvbx or Faotoks 

1. 3 2;>-7x + 2 49 -4. 3-2 = 26 rational of Ist degree. 

2. Zx^-1x + Z 49-4.3.3 = 13 irrational 

3. 2x>-8x + 8 64-4. 2. 8 = equal. 

ORAL EXERCISES 

By means of the above test, select the squares; also the 
trinomials with rational factors of the first degree : 

1. 8a:*-8aj + 2: 6. aj*-f3a?-2. 9. 6a;*-f5« — 4. 

2. 2^ + 42^ + 12. 6. aV + 2aaj+l. 10. 6aj»-5a? + 9. 

3. 3a^ + 3a: + l. 7. 4«».+ 4a: + l. 11. 4a^-4aj-3. 

4. 3«* + 2» + 12. 8. a?»-8aj + 15. 12. 8a^-9iB + 3. 
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189. General Method of Factoring Quadratic Trinomials. 

The BiCtual factors of any quadratic trinomial of the form 
aa? -t- 6aj + c can be found by solving the quadratic equation : 

oaj* + 6aj + c = 0, 

and substituting the roots in the relation : 

aa?* + 6aj + c = aix — r^ (x^r^. 

EXAMPLES 

1. Factor: 6a^ + 6«~4. (1) 

Solving 6xs + 5a;- 4 = 0, jb = — J, (5) 

05 = 1. 

. ^""i^lT^n^^^^J^r «(* - riXx -r,)=6(ix + i)(x - J). (3) 
Therefore, . 6 x^ + 5 a - 4 = 6 (a; + l)(a; - J). (4) 

Using the factor 6 as 3 • 2, the result may be written (3 a; + 4) (2 a; — 1). 

2. Factor: a? — x + l. (1) 

SolvIng(B«-flj + l-0, a;=: 1 + Jv/ITs. (;j) 



25 = I - i \/^^' 



Substituting these r&lues 
of X for Vi and r^. 



„(._,.)(x-rO = («-^-±^«)(x-^— 1^^) 



CS) 



Thus, we have a general method of factoring which does not depend 
upon the trial methods of Chapter XII, Fart I. 



WRITTEN EXERCISES 



Factor : 



1. 3 0^-2 X- 5. 5. 10tv^^l2w'\-2. 9. 6a^-7x + 3. 

2. 9aj«-3aj-6. 6. 9v*-17v-2. 10. 5a^-40aj-f6. 

3. 6/4-2/-1. 7. 6 iB* + 25 a? +14. 11. a*~-2a«-3. 

4. 163^-42/-35. 8. 2s^-^5z + 2. 12. c*-13c2-f36. 
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RADICAL EQUATIONS 

190. The simpler forms of radical equations can be solved 
by squaring both members, but other forms require special 
methods. 

EXAMPLE 
Solve: 5aj»-3aj+V5a^-3a + 2=:18. (I) 

Putting 5 x«-8«-y, 
the given equation , y — —^ ,-. ,^ 

becomes y-fVjr+_2 = 18. (f) 

Subtracting », Vy + 2 = 18 — y. (5) 

Squaring. y + 2 = 324 - 86 y + y«. (4) 

B««»nglnflr, y« — 87 y + 822 = 0. (5) 

ai^ ^ 87 ± V37«~4 . 322 ,^v 
Solving, y = — =J= (6) 

= 23 or 14. (7) 

Hence the values of « ^ ^ « «« ^ «x 

are determined from 6a?--8« = 23, (^) 

and 6a5» — 3x = 14. (S) 

Solving these, X = ^^ , (i(?) 

and a; = 2, or — 1.4. (ii) 

Test. Substituting, it appears that 2 and — 1.4 satisfy the equation. 

The values ^^^^^ satisfy 

10 

6x«-3aj-V6a5«-3x + 2 = 18. 

191. Eadical equations in quadratic form are more easily 
handled in the notation of exponents. 

EXAMPLE 
Solve : x"^ + a?-* - 6 = 0. (1) 

Bearranglng, X"! + x"» — 6 = 0. (jf ) 

Factoring, (x^ + 8) (x** - 2) = 0. (5) 

Therefore, X~* = — 3, and x"* = 2. (4) 

Or, « = 1» and X = J. (5) 

Substituting in step (1), i satisfies the equation, but ( is an extraneous 
root. 

192. If the factors of a quadratic form are not readily ap- 
parent, the quadratic formula may be applied. 
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193. If the equation contains denominators irrational in the 
onknowus, it is generally best to clear of fractions. 



Solve : 



WRITTEN EXERCISES 
1. 6 a? - »* - 12 = 0. 

3. a? 4- a + Va» + « + 1 = - 1. 



4. aj*-f-a-hVaJ* + 2a = — a. 



6. iB*-}-6a;-6= Va* + 6 a? -f- 7. 



6. ViB» -h 6 » - 16 -f-(« + 3)« = 26. 

7. 2ic-5aji + 2 = 0. 

8. aj~* — a?"^ — 6 = 0. 

9. 3 a?"* -4 a?-* = 7. 

10. aj» + 3 aj — 3 + VaJ=* + 3 a: + 17 = 0. 



11. x4-V^:r8 = ^^- ^^-^ . 

« — Vaj* — 8 

12. -y/xia 4- a?) + VoCa"—^) = 2 Vaa?. 

13. VCVl H- a^ -f- a;)-f-(Vl + «« — a) =« 4 

14. aj+Va« + a^= ^^' 



16. V2 a? -f 11 - Va? - 3 - Va? + 2 = 0. 

16. Vy + 1 -f Vy - 2 = V2 y + 3. 

,^ Ix~a . Ix a /4 a; 2 a 
^c b ^c ^ c 

18. V2y-2-|-Vy=V6y-5. 



19. 2 a = V2 oa? H- 5 a* — V2 aa? — 3 a«. 



20. V^T^ -hV^"^^i^o. 

Vo' + a'-Var^ + ft* 
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CERTAIN HIGHER EQUATIONS SOLVED BY THE AH) OF 

QUADRATIC EQUATIONS 

194. We have found the general solution of linear and 
quadratic equations with one unknown. Equations of the 
tiiird and the fourth degree can also be solved generally by 
algebra, and certain types of equations of still higher degree 
as well ; but these solutions do not belong to an elementary 
course. We shall take up only certain equations of higher 
degree whose solution is readily reduced to that of quadratic 
equations. 

EXAMPLES 

1. Solve: aJ*-3iB»-4 = 0. (I) 

Let ya0>, then ^ - 3 y - 4 = 0. (5) 

Solying («), y = 4, 

and y = — 1. (5) 

.*. hj the substitation in (2), x^ = 4, or a^ — 4 =: 0, 

and «» =— 1, or x» + 1 = 0. (4) 

Factoring(A). x» - 4 =(a; - \/4)(xa + v^4 • « +\^*) = 0, (5) 

and jB»+l=(» + l)(«^-«+l) = 0. (6) 

Solving (5),x=\/4, or Vi{-i + iV^^), or ^4(- i- iV^. (7) 

Solving (6), a; = - 1, or 1 - l>/^ or J + i V^^). (8) 

2. Solve: (a^-3aj + l)(a^-3aj + 2)=12. {1) 

This may be (x» - 3x + l)[(xa- 3« + 1)+ 1]= 12. (S) 

written 

Ify Isput for 
85* - 8 aj + 1, the 
equation becomes y(y -^1)=: 12, (J) 

or y2 + y - 12 = 0. i4) 

Solving, y = 3 or — 4. {5) 

Then from (5), x^ — 3 x + 1 = 3, (6) 

and x2-3x+l=-4. (7) 

Solving (5). a;=?^-^. (*) 



8oWng(7). JB=8±^=I1. (9) 

These are the foar roots of the given equation of the foortb d^jiee. 
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WRITTEN EXERCISES 

Solve as above : 

1. iB*-3ar^ 4-1=0. 9. ofic*' - &«" + c = 0. 

2. 12 - aj* = 11 oj*. Ill 

10. -~-r4- 



3. a?*4-aaJ*-8a« = 0. 'a^^-fl a»-f2 as^ + 3 

4. aj2 + 5=^^. 11. a:*'-4af-5 = 0. 

6. 0^-70^ + 6 = 0. 12. 2o^ + 5o:' + 2 = 0. 

6. iB8__3aj«-^2 = 0. 13. (o^+4)«-4(oj» 4-4) 4-4=0. 

7. oJ»-5o^ 4-6 = 0. , o - 1 

14. a?4-3oj=il- 



8. a?* 4- 13 «* 4- 36 = 0. a^ + 3aj4-l 

15. (o^-3«-f l)(o^-3o;4-2)=12. 

16. (aj*4-5« — l)(oj2 4-5«4-l) = -l. 

195. Binomial Equations. Equations of the form of ± a = 
are called binomial equations. The simpler cases admit of 
being solved by elementary processes. 

EXAMPLES 
1. Solve: a:»-l = 0, oroj» = l. {I) 

Factoring aj»-l, (x - l)(a;a + x 4 1) = 0. (g) 

Finding equattons r — T a-a 4- * -l 1 — CH^ 

equivalent to (2), X - l, X + X + 1 _ U. {^JJ 

Solving (8) x = l, a;=ni±_v^ ^^j 

Thus we have found the three numbers such that the cube of each is 1, 
or the three cube roots of unity. 

Verify this statement by cubing each number in step (^). 



Note that (-1 + i V^=r3)a = " ^ " ^^^ = " ^ - ^^\ 

2 iB 

alaothat (- j - ^^^3)'= - ^ +/^ = - 1 + <v^ ? 

Hence, if w denotes one of the complex cube roots of 1, oi^ is the other. 
Every number has three cube roots ; for example, the cube roots of 8 
are 2, and 2 w, and 2 1^, 
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a. Solve: a?* + l = 0, ora^ = -l. (/) 

Faotoriog «* + 1, (a^ - t) (±» -f = 0. (^) 

BolTiDff (f). x* = i, x« = — 1. (5) 

Solving (5), ac = ± Vi, a: = ± V^i. (4) 

These are the four numbers, each of which raised to the fourth power 
equals — 1 or the four fourth roots of —I. 

WRITTEN EXERCISES 

1. Find the 3 cube roots of — 1 by solving ic" + 1 = 0. 

2. Find the 4 fourth roots of 1 by solving iC* — 1 = 0. 

3. Find the 6 sixth roots of 1 by solving 

(a^- 1) = (a?»- l)(a^-hl) =0. 

4. Find the 4 fourth roots of 16 by solving a?* — 16 = 0. 

5. Find the 3 cube roots of 8 by solving a?* — 8 = 0. 

6. Show that the square of either irrational cube root of 
— 1 is the negative of the other irrational cube root. 

7. Show that the sum of the three cube roots of unity is 
zero ; also that the sum of the 6 sixth roots of unity is zero. 



SIMULTANEOUS QUADRATIC EQUATIONS WITH TWO 

UNKNOWNS 

196. The simpler cases in which one equation is linear or 
homogeneous of the second degree, or in which the equations 
are symmetric, have been solved in Chapter XXIII, Part I. 
The following Sections 197, 198 treat of special cases, showing 
how these may be reduced to the simpler systems. 

A system of two simultaneous quadratic equations whose terms 
are of the secojid degree in x and y with the exception of the ab- 
solute terms can be solved by reducing to a system in which one 
equation is entirely homogeneous. (Sec. 120, Part I.) 

This can be done in two ways : 

1. Make their absolve terms alike, and subtract. The resuU- 
ing equation has every term of the second degree in x and y. 
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EXAMPLE 

Solve: fa^ + a^ = 66, (i) 

Multiplylnsr {») by 6, 6 a:^ - 6 y2 = 66, (5) 

Subtracting (I) from (5), 6 aj^ _ jgy — 6 y^ = Q. (jf) 

Factoring (4), (6 05 - 6 y) (aj + y) = 0. (5) 

Expressing x in terms of y, x= \y and a; = '- y. (6) 

BubBtitutlng X - 1 y in («), H V^ - V* = 1 1- (7) 

Solving (7), y=±5. (5) 

Substituting y-±5In«-|y, a;=±6. (5) 

Similarly, substituting a: - - y in (»), y* — y^ = 11. (iO) 

But this leads to = 11. \ll) 
{11) being impossible, the solution is 

aj = ±6, y = ±5. (i;^ 

Test. Taking the values r(^6)2+(±6)(±5) = 66. 
to be both positive - / , a\2 / i R\a 11 

or both negative, I K± ^) — (. ± o;» = 1 1. 

2. Substitute vx /or y throughout the equations and solve for v. 

EXAMPLE 

Solye: f2a^-3a^ + 2^« =4, (i) 

Putting y- wind) and («), 2 x^ -' S VX^ -\- V^^ = 4, (S) 

•nd, a3 _ 2 «x2 + 8 t?2a;« = 9. (4) 

Factoring (5) and (A), X^(2 - 3 1; + V^) _. 4. (5) 

a;a(i_2« + 3r3)=9. (6) 

Equating the values of «« in ^ _« ? /'~\ 

(5)and(tf), 2-3v + v2 l-2»+3t^*^'^ 

Clearing (7) of fractions, 3 «« + 19 » — 14 = 0. (^) 

Solving (5), D=-7, |. (9) 

Since y = ttr, y=— 7a^ (i^) 

«id, y = ^. (ii) 

From(l). 2x2 + 21x2 + 49352 = 72x2 = 4. (IS) 

Solving (I«), X = ± -^^ — (IS) 

3V2 

Prom(iO), y=q=-L.. [24) 

3V2 

Similarly, from (11) and (I), X = ±3, (i5) 

From (25) and (11), y = ± 2. {16) 

Test as usual. 
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WRITTEN EXERCISES 

Solve: 

1. aj« + 3^ = 13, 7. «* + fl5y + y« = 7, 

xy=s6. 3aj* — 05^ = 1. 

3. ic« + a^ = 12, 9. aj» + 6aj^ + 2y* = 133, 
y« + a?.y = 24. aj* — y* = 16. 

4. 4a:« + 3y« = 43, 10. 2 aj» + 3 a:y + 3/* = 80, 
3iB*-y* = 3. a?^-faj' = 6. 

5. ^±y + ?^ = « 11. a..-42^« = 20, 

6. «» + y* = 41, 12. 4a:« + 3y* = 43, 
jcy=20. 3ic«-y«-3 = 0. 

197. The substitution of a single variable for a function is 
the most successful means of simplifying quadratic systems 
that do not yield to the methods already given. 

EXAMPLE 





05 — y — V« — y = 2, 




1 


a<-y» = 2044. 


Put 




Vx — y = g. 


From (i), 




«a - « - 2 = 0. 
(2-2)(« + l)=0. 

« = 2, or — 1. 


.'. from (5), 




a; — y = 4, or 1. 



(5) 

(4) 

(^) 
<^) 

From (2), 

(x - y)(a;2 + xy + y2) = 2044. (7) 

From (7) and {6), 

a;« + jcy + ya = 2044, or 611. («) 

From (5), y = aj-l. Put this in (^. 

Then, x^ + a;(x -!) + («- 1)2 = 2044. (S) 

a;2 + a;2_a;_|.x2-2aj + l = 2044. (^10) 

a;3-a;- 081 = 0. llT) 

Solving (ii), « = -^"2 and y = ^ 
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From (5), y = x — i. Put this in (5). 

xs + x(z - 4) 4- (X - 4)« = 511. (IS) 

3x2- 12 a: -496 = 0. (14) 

xa-4x- 166 = 0. (JS) 

^^ 4j:Vl6 4-4.166 (^g) 



(i7) 



__ 4 ±2V4 + 166 

2 

= 2 ± 13 CIS) 

= 16, or - 11. (19) 

= 11, or - 15. (^0) 



Tbst by substitution. 



WRITTEN EXERCISES 

Solve : 

1. aj«-y« = 3, 11. a? + 2^' = 26, 

ajs -f. 2^« — icy = 3. aj + y = 1. 

g + y ^ g-y _5 12. aj-y = 2, 

3. ^ + a^^y2^7^ fl^-(a? + 2^)=2, 
aj4^aj2y2 + aj* = 21. 14. oj* -h 4 t^* = 13, 

4. a;» + y»-l = 2a^, aJ + 2y = 5. 
Wa;w + l)=8190. 16. 2 a? + 2^ =5, 

xy + f = ^^ !«• a:-2^ = 5, 

6. 0^ + 20^ = 56, Vi-V^ = l. 
2x»-ajy = 35. 17. a?* 4- a5y + y' = 21, 

7. 2a^ + a^ = 24, a^-Va^ + y = 3. 
3.2__-,2 — 5 SuGGBSTiON. In Ex. 17 divid 

^ * (1) by (2), obtaining 

8. aj2 — y«=:8f, /— », 

flCt/ + y' = J. 

a /^ 2 — Ai? -^^^ **^ equation to (2) and 

9. OJ* — y — -40, ^ find X in terms of y. 

10. x-22^ = 2, 18- a^ + «a:+«« = 133, 



160 
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19. aj«+2iry + 7y» = 24, 
2a^ — ary — y*=8. 

20. x(aj — y)=0, 

«* -f 2 0^ + y' = 9. 

21. V5-V^ = 2, 

( ViC — Vy) ViTy = 30. 



22. (2x-3)(Sy-2)=0, 
4a:»-hl2a^-3y»=:0. 

SuGOBSTioir. In Ex. 22, from 
equation (1), sc = |. The cor- 
responding value of y is found 
by substituting this value of x 
in equation (2). 



23. Two men, A and B, dig a trench in 20 days. It would 
take A alone 9 days longer to dig it than it would B. How 
long would it take A and B each working alone? 

Note. Those who have studied geometry and are ready for problems 
based upon geometric properties will find them in Chapter X. 



REVIEW 



WRITTEN 
Solve: 

1. aj*=s6aj — 5. 

2. w^ — to — 1 = 0. 

3. a»-6aj — 7 = 0. 

4. v*-h2v + 6 = 0. 

5. aj»— 6a?4-l=0. 

6. 2aj*-aj + 3 = 0. 

7. 3a*~aj-f7 = 0. 

8. «* — 6aj + ll = 0. 

9. ic» — 14a;-|-5=0. 

10. 3a»-9aj-f=0. 

11. 0^— 4aj — 45 = 0. 

12. iB* — 4 a; + 45 = 0. 

13. iB«-f-4aj — 45 = 0. 

14. ic» + 4iB + 45=0. 

15. aj2-f30aj-f 221=0. 

16. »*-30aj-221 = 0. 



EXERCISES 

17. aj* = 6aj4-16. 

18. 24-102? = »•. 

19. (x-iy = x-\-2. 

20. 6 aj-f- 0*4-6 = 0. 

21. aj»-9a;-hl4 = 0. 

22. a*-t-3aj-70 = 0. 

23. 4aj«-4a;— 3 = 0. 

24. 3«* — 7aj + 2 = 0. 
26. «»-10a; + 21=0. 

26. a?-10a? + 24=0. 

27. a;« + 10a?4-24 = 0. 

28. ar* = 9 «»—(« + 1)1 

29. 9 a:* + 4 a?— 93 = 0. 

30. 4aj2 + 3aj-22 = 0. 

31. 6 X*- 13 a? + 6 = 0. 

32. (» + l)(iB + 2) = aj + 3, 
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33. a;4-- = r + ^- 36. -?-- + -^ = c 

X o-f-a? 6 — 05 

34. caj*-f &« + a = 0. ^^ g + H a? + 12 ^1, 
36. (a; - 2)(fl5 + 3) = 16. ' x-\-2 2(a; + 19) 2* 

aj-3 2 

39. (a; - iy{x + 3) = aj(a; + 5) (a? - 2). 

40. aj»-6aca? + a«(9c*-4 6«)=0. 

a X a -\- o-f-x 

a a + x a' — or 

43. (2a-5-a;)»-h(3a-3a:)«=(a + 5-2a;)«. 

44. (3a;-4a + 3 6)«H-(2aj + a)«=(a?-4a + 6)2 

4-(2aj-3a4-4 6)«. 

• 45. (7a + 36 + a;)«4-(4a-6-8a;)*-(4a + 36-|-4aj)« 

= (7a+6-5aj)«. 

46. (a; + a)(6a; — 3a — 46) = (a;+a — 26)«. 

47. (5a;-f4a+3 6)(10a;-6a-h8 6)=(5a; + a + 7 6)«. 

48. (2Ga;H-a + 22 6)(14«4-13a-2 6) = (16a? + lla4-8 6)*. 

49. (8 c -h 10 + 4 a;) (18 c 4- 160 + 24 aj) = (12 c + 40 + 11 x)\ 
14y»-f-16 2y' + 8 ^2y« 

21 8 2/*- 11 3 . 

51 a'4-g^ ^ (6 + c)' 
a* (6-c)«' 

a^H-3 ar'+Q 

53. 0^ + 0^-2 ,^±1^0, 
a^ + 2aj — 3 a?- 3 

64. _L_ = 1 + 1_1. 

a + 6 — a; a 6 a? 



65. 



//» /..nA 3a-f-3aj\ o 1— 2a /^ o\ !+<» 

2c 
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66. aj*-haj^-f 4y* = 6, 62. fl5»-y» = 112, 
3a*-j-8y»=14. x + y = U. 

67. aj' + y»=a, 63. a?-|-y = 7, 
aj-fy = 6, a:» 4-2^ = 133. 

68. 2«*4-ary-6y« = 3f, 64. a^ + y» = 61, 

a? + 2y = 2f aj* - ajy -|- j^' = 6L 

69. a?« + iry = 36, 66. aj»-2/' = 665, 
jb" — y* = — 9. « — y = 5. 

60. a5» + 3iry = 22, 66. ir»-|-y»=28, 

« + y = 5. a;*y 4- ajy' = 12. 

61. iB* + 4y« = 85, 67. aj* — a?^ -h y'= 37, 
a? — y = 2. a? + y = 10. 

a:'-h« + 5 Va* + a; + 5 4a; 
SuooESTioN. Multiply both members by x and let 

X 



Vx* -f a; + 6 

69. a"-6a;*-16 = 0. 

State what can be known by means of the discriminant and 
without solving, concerning the factors of : 

70. 3»»-2aj-f 1. 72. 6y* 4- 20y + 20. 

71. 4«» + llaj-l. 73. 2aj*-a?-h3. 

Similarly, what can be known about the roots of: 
74. ««-9 = 0? 76. «*-2;-l=0? 

76. 5a:* + a;-|-2 = 0? 77. 5a» = 9a?? 

How must a be chosen in order that : 

78. The roots of»* + aa? + 5 = shall be imaginary ? 

79. The roots ofaa*-f6aj + l = shall be real? 

80. The roots ofa:* + 4aj-h2a = shall be real and of oppo- 
site signs ? 

81. The roots of(a + l)«*+3aj — 2 = shall be imaginary ? 

82. The roots of 4aj* — aaj+2=0 shall be real and both 
positive ? 
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Find the values of m for which the roots of the following 
equations are equal to each other. What are the correspond- 
ing values of a? ? 

83. a^-12a; + 3m = 0. 85. 4 iB« + ma? -f a; -f 1 = 0. 

84. maj*-f 8a; + m = 0. 86. iwa?* -|- 3 ma; — 5 = 0. 

87. A number increased by 30 is 12 less than its square. 
Find the number. 

88. The product of two consecutive odd numbers is 99. 
What are the numbers ? Is there more than one set ? 

89. Find two consecutive even numbers the sum of whose 
squares is 164. 

90. Find a positive fraction such that its square added to 
the fraction itself makes ^. 

91. If a denotes the area of a rectangle and p its perimeter, 
show that the lengths of the sides are the roots of the equation 

«'— £aj + a = 0. 

92. The diagonal and the longer side of a rectangle are to- 
gether equal to 5 times the shorter side, and the longer side 
exceeds the shorter by 35 meters. Find the area of the 
rectangle. 

93. A company of soldiers attempts to form in a solid 
square, and 56 are left over. They attempt to form in a 
square with 3 more on each side, and there are 25 too few. 
How many soldiers are there ? 

94. It took a number of men as many days to dig a ditch as 
there were men. If there had been 6 more men, the work 
would have been done in 8 days. How many men were there ? 

95. Solve: 2a*-h6aj + c = 0. 

What value must c have to make the two values of x equal ? 

96. A library spends $ 180 monthly for books. In June the 
average cost per book was 15 ^ less than in May, and 60 books 
more were bought. How many were bought in May ? 

11 



'30ft. 
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97. When water flows from an orifice in a tank the square 

of the velocity (v) equals 2 g times the height 
(h) of the surface above the orifice. Write 
the equation that denotes this fact, g is 
j the " constant of gravity " and may be taken 

JfJsJA as 32. 

^*"****— -* 98. What does the square of the velocity, 
(v*), at A in the figure equal ? Find this velocity. 

99. What would be the velocity of the water if an opening 
were made halfway up from A shown in the figure ? 

100. Find the velocity with which water rushes through an 
opening at the base of a dam against which the water stands 
26 ft high. 

SUMMARY 

The following questions summarize the definitions and pro- 
cesses treated in this chapter : 

1. State the general forms of the roots of the general quad- 
ratic equation. Sec. 177. 

2. State the relation between the roots and coefficients. Sec. 180. 

3. Name two symmetric functions of the roots of the quad- 
ratic equation. Sec. 181. 

4. What is the discriminant of the quadratic ? Sec. 186. 

6. What is the nature of the discriminant 6' — 4 ac when 
the roots are : 

1. Keal and unequal ? 

2. Eeal and equal ? 

3. Complex numbers? 

4. Irrational numbers ? Sec. 185. 

6. What methods are used to solve radical equations ? 

Sees. 190-193. 

7. What kind of higher equations may be solved like 
quadratics ? Sec. 194. 

8. What kind of equations does a* ± a = represent ? 

Sec. 196. 
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9. State the three cube roots of anity in terms of 1 and u. 

Sec. 195. 

10. What method of solving simultaneous quadratics haa 

the broadest application? Sec. 197, 

HISIOBICAX HOTB 

Among the many improvemenu In algebra made In tbe aixteentti 
century nas that masterly achievement, the general solution of the cubic 
equation. We have explained how for centurieB the solution of the quad- 
ratic equation x^ + px = q battled the skill ol the keenest mathematician a, 
but the solution of the cubic ai'-t-pi^ — 3 had been regarded quite 
unattainable, so much so that the great Italian Paciuolo (1404) closed his 
famooa work S«mma with the remark that tlie solution of this equation 
was as impossible as the squaring of the circle. But to assert that the 
solution of a problem Is impossible is dangerous ground to take, as was 
proved in this case. For within fifty years attar this remark of Paciuolo, 
hia countryman Miccolo solved tbe cubic equation. 

Niccolo was bom at Breacia just at the beginning of the aixteentb 
century, and came to be known as Tattaglta, meaning, ■' The stammerer." 
Tbla defect in his speech was 
caused by a saber cut received 
at the hands of a French sol- 
dier when Nlccolo was alx 
years old. Although poverty 
deprived him of the advan- 
tages of school instruction, 
his Industry and peisistenco 
enabled him to master the 
classics and mathematics, and 
to add (1541) to the science 
of algebra the most significant 
discovery of the sixteenUi 
century. It was Tartaglia's 
ambition to vnite a great work 
on algebra and to use this ss 
a means of giving to the world 
hiamethod of solving the cubic 
equation. But before he could 

accompliah this, he was be- Nicoolo, oa Tabtaoma 

trayed by his friend Cardan, 

to whom, aft«r much pleading, he had revealed the nature of his dis- 
covery. Cardan published his now famous work, the An Magna, in 1616, 
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and included, as the crown to hU treatment of equations, the solution by 
Tartaglia, claiming for himself full credit for the discovery. This decep- 
tion and robbery was a bitter disappointment to Tartaglia, who never 
recovered sufficiently to complete his projected writings, and, although 
the claim of Cardan is now conceded by all to be fraudulent, the solution 
of the cubic equation is still commonly called Cardan^s method. 

The solution of the equation of the fourth degree immediately followed 
that of the cubic equation. This was first effected, in a similar way, by 
Ferrari, a pupil of Cardan, and was also published in the Ars Magna, 
It was naturally supposed that these methods could be extended to equa- 
tions of degrees higher than the fourth, and prodigious labor was expended 
in the effort to do this, until Abel, a Norwegian mathematician, proved 
in 1824 that the methods t)f elementary algebra are not sufficient to solve 
general equations of degree higher than the fourth. 



CHAPTER VIII 

PROPORTION, VARIATION, AND LIMITS 

PROPORTION 

198. ProportioiL If four numbers, a, b, c, d, are such that 

- = -, they are said to form the proportion, a is to 6 as c is to cf, 
d 

199. Fourth Proportional. If four numbers a, b, c,d are in 
proportion, d is called the fourth proportional to a, b, and c. 

200. Third Proportional. If three numbers, a, b, c, are such 
that a, b, 6, c are in proportion, c is called the third proportioned 
to a and b. 

201. Mean Proportional. If a, b, b, c are in proportion, b is 
called the mean proportional to a and c. 

202. Means and Extremes. If a, &, c, d are in proportion, 
b and c are called the means, and a and d the eo^rem^s. 

203. Relation of Means to Extremes. In any proportion the 
product of the Tneans equala theprodu^ of the extremes, and conr 
versely, if the product of two numbers equals the product of two 
other nuTobers, the four numbers can be arranged in a proportion. 

For, the two factors of one product may be made the means, and the 
two factors of the other the extremes, or vice versa, 

204. Inversion. K ? = -, then ^ = -. 

b d a c 

For, the members of the second equation are the reciprocals of the 
members of the first. 

205. Alternation. If ? = |, then ?^ = ^. 

b d c d 

For, the second equation results if the first is multiplied by ~. 

c 

157 
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SM)6. Composition. If ? = 5, then ?±^=r^±^. 

a d 

For, the second equation results from the first by adding 1 to both 
members. 

207. Division. If ? = ^, then ^Lz:^ = l=^. 

a a 

For, the second equation results from the first if 1 be subtracted from 
both members. 

208. Composition and Division. If ? = ^,then?!^ = ^-±-^. 

d a — b c — d 

For, the result of Sec. 206 divided by the result of Sec. 207 gives the 
second equation. 

209. Continued Proportion. If several ratios are equal, a.s in 

? = -=-.... the numbers, a, b, c, d, e, /,..., are said to be in 
b d f 

continued proportion. 
In the continued proportion - = - = -,..., any one of the 

ratios equals f"^^"^t'"- 

6-fd+/... 

210. These properties may be applied to certain problems. 

EXAMPLES 

1. If p and w are the power and weight applied to a lever 
whose power and weight arms are, respectively, a and 6, then 
pa = bu). Write a proportion between these four numbers. 

Solution. By Sec. 203, a-.h =:w:p. 

2. Find the third proportional to a — 6 and a* — 6*. 

SoLLTiON. 1. By Sec. 203, 4^^ = ^^^^. 

a* — 0* X 

2. .-. (a - b)x = (a2 - 63) (^a _. fta). 

8. . •. the third proi)ortional, x = (a + 6) (a* — 6^). 

3. Form a proportion from the equation, aj^ — j/* = A 
Solution. 1. Factoring, (x — y) (« + y) = zz. 

2. .-. *IlJ^ = — i— . Sec. 203. 
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d 


c + rt Vc^-f-d' 


By See. 206 


a + 6 c-hd 
h ^ d ' 


.'. by See. 206, 




Bquaring both members of the 
given equation, 


a2 c2 
68 d2 * 


A nnlirlno a^A OAA «<« /f\ 


(,2 + 62 ca H- (P 



Applying Sec 206 to (5), 



From (0), 



62 d2 

q2 4. 63 _ 62 

c^ + cP d^' 



Va^ + &^ ^ 6 



Equating values of ^ in (5) and (6), ^^-±-^ = ^^^ "*" ^^ . 

d C + d Vc2 + dP 



(7) 



WRITTEN EXERCISES 

1. A lever need not be straight, although it 
must be rigid. Thus, the crank and the wheel and 
axle are varieties of the lever, and the law of the 
lever (p. 188, Part I) applies to them. Thus, in the 
figure. 



P 
W 



P 



Find TT, if P = 14,p= 16, and «;= 4. 
2. Find the unknown number : 






(1) 


(2) 


(8) 




p= 


3a 




a-5 




w = 


66 


5p 


(a + 6)« 




p = 


2c 


8p 


a + b 


• 


w = 


_ 


2p 


— . 






• 









-# 
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3. If an axle is 6 in. in diameter, what must be tbe 
diameter of the wheel in order that a boy exerting a force of 
60 lb. maj be able to raise SOO lb. weight? 

4. A brakeman pulls with a force of 150 lb. 

!on a brake wheel 16 in. in diameter. The force 
is communicated to the brake hy means of an 
axle, A, 4 in. in diameter. What is the pull on tbe 
brake chain 7 

6. In tbe Sgure below tbe welgbt W acts at P on an 
inclined plane, wbose rate of slope Is a Tertlosl units to b 
horizontal units. 11 is known that the weight IF acts in 
two ways ; a force JV pressing directly against the surf ace 
and tending to produce friction, and a force F parallel to 
the plane and tending to cause 
the weight to slide down the plane. It is 
known that theee various quantities are re- 
lated to each other thus : 



FindFand JV, if W= 151b., a= 20 in., 6 = 21 in.; 1=29 in. 

6. Find I and Jf, if J?" = 16 lb., B'=341b., a = 4ft 6 = 

T^ft. 

7. Find b and I, if ^^^=66 lb., ^=1121b., W=130 1b., 
o = 33in. 

8. Find Tranda,if-F=200 1b.,-y=451b.,& = 9,i = 41. 

9. It is known that in any cone the area of 
anj section parallel to the base varies as tbe 
t^ square of its distance from the vertex. Thus, in 
the figure, - = ^'. 

If d = 1, d' = ^, and a = 40 sq. in., what is the area of s' ? 

10. The area of a section \ of the way from the vertex to 
the base and parallel to it is what part of the base 7 
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11. Given « = ^ , show that ^+^ = ^^n^. 

c a + c a — c 

12. Given ^ = ^ show that ?^izi' = ^!zi^. 

he a c 

13. Given - = -, show that —JL— =__?-_. 



14. If a : 6 =p : g, prove that 



SnoaESTioN. The given proportion may be written : 

a _b 

Let - = r, then a =pr, b = qr. 

The proportion to be proved may be written : 

(a 4- b)(a^ + b^) ^ (p + q)(p^ + q^) _ 

Substituting the values of a and 6 above, the left member readily 
reduces to the right. 

Note. A good method for proving such identities is to begin with the 
required relation and transform it into the given relation, or to transform 
both the given and the required relation until they reduce to the same 
thing. 

16. Given ? = -^ show that i^f^^ = id'-5d' ^ 
b d 66' 5(P 

CL C O^ — V^ b^ 

16. Given - = -, show that = — . 

b d & — d^ d2 

17. Write a? — i:}^ =^ 7? — xy in the form of a proportion. 

18. Given - = -, show that - = ——==. 

b d c -y/c^ — cP 



162 A HIGH SCHOOL ALGEBRA 

VARIATION 

211. Direct Variation« When two variable quantities vaij 
so as always to remain in the same ratio, each is said to vary 
directly as the other. Each increases or decreases at the same 
rate that the other increases or decreases. 

Consequently, if x and y are two corresponding values of the 
variables and A; the fixed ratio, then, 

- = * andx = Ary. 

y 

For example, at a fixed price {k) per article, the total cost (x) of a 
number of articles of the same sort varies directly with the number of 

articles (y). That ia^=zk, 

y 

Likewise in the case of motion at a uniform rate (r), the distance tra- 
versed (d) varies as the time of motion {t). That is, - = r. 

212. A symbol still occasionally used for "varies as" is oc. 

Thus, ** X varies as y *^ is written xxy, 
and ** d varies as t *' is written da:U 

213. Relation of Variation to Proportion. When one vari- 
able varies directly as another, any pair of values of the vari- 
ables forms a proportion with any other pair. 

For, -7 = r, and — - = r ; .•.— = -—, which is a proportion. 

}f y' y y 

214. Expressions for Direct Variation. We have thus seen 
that the relation x varies directly as y may be expressed in any 
one of three ways : 

(a) X = ky, by use of the equation. 

(h) XQcyy by use of the symbol of variation. 

x' a?" 
(c) -: = -Ti by use of the proportion; x', y' and »", w" being 

y' y" 

any two pairs of corresponding values of the variables. 

WRITTEN EXERCISES 

1. Write the statement " v varies as w " in the form of an 
equation, also in the form of a proportion. 
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2. Write the statement x^ky by use of the symbol oc; 
also in the form of a proportion. 

8. Write — = — by use of the symbol oc. 

4. The weight {w) of a substance varies as the volume (v) 
when other conditions are unchanged. Express this law by 
use of the equation. By use of the symbol x. Also in the 
form of a proportion. 

6. In the equation w = kVf if w = 4 and v = 2, what is the 
value of A:? Using this value of A;, what is the value of w 
when v = 25 ? 

6. \yhen 1728 cu. in. of a substance weigh 1000 ounces, 
what is the ratio of the weight (w) to the volume (y) ? What 
volume of this substance will weigh 5250 ounces ? 

7. The cost (c) of a grade of silk varies as the number of 
yards (n). Find the ratio (r) of c to n when c is $7.00 and 
n = 4. 

8. In Exercise 7 if — = r, what does —. equal ? Given that 

n n 

40 yd. of silk cost $ 60, find the cost of 95 yd. by means of the 

proportion — = — Also by means of the equation c = nr. 
n n 

215. Inverse Variation. A variable x is said to vary inversely 
as a variable y, if it varies directly as — 

y 

Inverse variation means that when one variable is doabled the other is 
halved ; when one is trebled the other becomes ^ of its original value, 
and so on. 

216. Expressions for Inverse Variation. The relation ^^x 
varies inversely as 2^ " may be expressed : 

(a) By the equation^ x = k(-\ or a; = — .*. xy^k, 
(6) With the symbol of variation y oc -• 

X 

(c) As a proportion -- = ^. 

a:" y' 
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WRITTEN EXERCISES 

1. Write the statement ^' v varies inversely as to '' in the 
form of an equation ; also in the form of a proportion. 

k 

2. Write ^=: ~ by use of the symbol oc; also in the form of 

a proportion. 

3. In a bicycle pump the volume (y) of air confined varies 
inversely as the pressure (p) on the piston. Write thie rela- 
tion between v and p in three ways. 

4. In Exercise 3, if v = 18 (cu. in.) and p = 15 (lb.), what 

k 
is fc in V =3 - ? What is the pressure (p) when v = 1 (cu. in.)? 

P 
6. In an auditorium whose volume (v) is 25,000 cu. ft. 
there are 2000 persons (p). What is the number (n) of cubic 
feet of air space to the person? What will be the number 
when 1000 more persons come in ? 

6. The area of a triangle varies as the base times the alti- 
tude. If the area is 12 when the base is 8 and the altitude 3, 
what is the area of a triangle whose base is 40 and altitude 20 ? 

7. The area of a circle varies as the square of its radius. 
The area of a circle of radius 2 is 12.5664 ; what is the area of 
a circle whose radius is 5,5 ? 

8. The volume of a sphere varies as the cube of its radius. 
If the volume of a sphere whose radius is 3 is 113.0976, what 
is the volume of a sphere whose radius is 5 ? 

9. li XQcy and x = 6 when y = 2, find x when y = 8. 

Suggestion. x=ilcy. .*. 6 = A; • 2 and A; = 3. Substitute j^ = 8 in the 
equation x = 3 y. 

10. Determine k in xccy,ii a; = 10 when y = 20. Also if 
oj = 1 when y^5. Iix = 100 when y = 10. 

11. lixccw and y oc w, prove that a? -f- y oc to. 

12. If a? oc m; and wccy, prove that xy oc lo*. 

13. If a? oc y and wqcz, prove that —qc^» 

w z 
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14. If XQcyh and a; = 1 when y = 2 and 2 = 3, find the con- 
stant k. 

16. Given y=z-^WfZccx and wccx', and that a? = 1 when 
w = 6, and that a? = 2 when z = 20. Express y in terms of x. 

Suggestion, y z=kx + k'x ; determine k and A;'. 

16. Solve Exercise 15 under the conditions that aj = 2 when 
w = 12, and that a: = 1 when z = 10. 

17. Given zccx-^-y and ycca^, and that x = ^ when y=\ 
and z = \. Express z in terms of x. 

217. A large number of problems in science may be solved 
by the following plan : 



EXAMPLES 

1. The " law of gravitation " states that the weight '>f a given 
body varies inversely as the square of its distance from the 
center of the earth. What is the weight of a body 5 mi. above 
the surface of the earth, which weighs 10 lb. at the surface 
(4000 mi. from the center) ? 

Mbthod. There are two variables in the problem, the weight (to) and 
the distance (d). There are also two parts or cases in the statement, one 
in which the value of one variable is unknown, and one in which the 
values of both variables are given. 

Arrange the data as follows : 





w 


d 


1st case 
2d case 


X 

10 


4006 
4000 



To this table apply the law of variation expressed in the physical law. 

Since the law is : to varies inversely as the square of (2, the values of d 

must be squared, and the ratio x : 10 equals the inverse ratio of 4006^ to 

4000> ; that is, 

X _ 4000g 

10 40062' 

4000 -r- 4006 = .99874 + and .9987^ = 9.96 . • . 

/. X = 9.96, and the weight is 9.96 lb. 
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2. The squares of the times of revolution of the planets 
about the sun vary directly as the cubes of their distances 
from the sun. The earth is 93,000,000 mi. from the sun, and 
makes a revolution in approximately 365 da. How far is 
Venus from the sun, its time of revolution being 226 da. ? 

SOLCTION 





t = time of revol. 


d = distance from sun 


Ist case 
2d case 


865 
226 


93,000,000 

X 



According to the astronomical law the times must be squared and the 
distances cubed ; then, since the law is that of direct variation : 

865« _ 93,000,000» 
2262 3fi 

.: X = 08,000,000 -J ^—V = 68,900,000, and the distance of Venus 
from the son is approximately 69,000,000 miles. 

WRITTEN EXERCISES 

1. The intensity of light from a given source varies in- 
versely as the square of the distance from the source. If the 
intensity (candle power) of an electric light is 4 at a distance 
of 150 yd., what is its intensity at a distance of 25 yd. ? 

2. According to the first sentence of Exercise 1, how much 
farther from an electric light must a surface be moved to 
receive only \ as much light as formerly ? 

3. The time of oscillation of a pendulum varies directly as 
the square root of its length. What is the length of a pendu- 
lum which makes an oscillation in 5 sec, a 2-second pendulum 
being 156.8 in. long ? 

4. According to Exercise 3, what is the time of oscillation 
of a pendulum 784 in. long ? 

6. The distance through which a body falls from rest varies 
as the square of the time of falling. A body falls from rest 
576 ft. in 6 sec. ; how far does it fall in 10 sec. ? 
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6. Volumes of similar solids vary as the cubes of their 
linear dimensions. The volume of a sphere of radius 1 in. is 
4.1888 cu. in. ; what is the volume of a sphere whose radius is 
6 in. ? 

7. According to Exercise 6, what is the radius of a sphere 
whose volume is 33.5104 cu. ft. ? 

8. According to Exercise 6, if a flask holds ^ pt., what is 
the capacity of a flask of the same shape 4 times as high ? 

9. In compressing a gas into a closed receptacle, as in pump- 
ing air into an automobile tire, the pressure varies inversely 
as the volume. If the pressure is 26 lb. when the volume is 
125 cu. in., what is the pressure when the volume is 115 cu. in. ? 

10. According to Exercise 9, if the pressure is 50 lb. when 
the volume is 250 cu. in., what is the volume when the pres- 
sure is 10 lb. ? 

11. It is known that if one gear wheel turns another as in the figure, 
the number of revolutions of the two R^ 
are to each other inversely as their 
number of teeth. That is, if the first 
has (7i teeth and makes Bi revolutions, 
and the second has C2 teeth and makes 
in the same time B^ revolutions, 

Bi_C2 
Bt Ci' 

Find B2 if Ci= 25, O^ = 15, and R^ = 6. 
Find the numbers to fill the blanks : 



then 






(1) 


(2) 


(8) . 


(4) 


c.= 


42 


60 


5n 





c,= 





50 


3n 


40 


B,= 


12 


— 


21 


871 


R^ = 


9 


15 





6n 



12. A diamond worth $2000 was broken into two parts, to- 
gether worth only $1600. If the value of a diamond is propor- 
tional to the square of its weight, into what fractions was the 
original diamond broken ? (Find result to nearest hundredth.) 
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LIMITS 

218. In the constraction of graphs we have studied the 
changes in functions corresponding to given values of their 
variables, but we shall now consider an important particular 
case in which the successive values of a variable approach 
nearer and nearer to a fixed number. 

For example, if we take the values of the decimal .444 . . . correspond- 
ing to the successive decimal places, we have .4, .44, .444, .4444, . . . , a 
fleries of increasing numbers so limited that no one of them, however far 
we go, can be as large as .45. In fact, no one of them can equal }, but by 
using more and more decimal places we may come to terms differing as 
little from | as we choose. 

219. Limit If a variable x has a boundless number of suc- 
cessive values which approach nearer and nearer to a fixed 
number I, so that the difference I ^ x may become and remain 
numerically as small as we choose, x is said to approach I as a 
limit. 

220. This relation is expressed in symbols by x=^l, read, 
" X approaches Z as a limit." 

For example : In Sec. 218, if the variable x be taken to represent the 
different numbers in the series .4, .44, .444, . . . , then x = ^. 

Or, if X is successively .02, .002, .0002, and so on as far as we choose, 
then 2 = 0. 

221. Meaning of ^, We have shown (Sec. 101, II) how the 

indicated operation, -, may arise from solving systems of equa- 
tions, and that its value is indeterminate. We will further 
illustrate it here by use of expressions having limiting values. 

X -- 1 

For example, the fraction -z — 7 becomes -, if a: = 1, but it can be 

x^ — 1 

shown to have the limiting value J. If we let x = .9, .99, .999, then 

X- 1 , 10 100 1000 . ^ * .. u 1 A 

-^ — r becomes —, — -, t^^i a series of fractions whose values de- 
X """ 1 jLo J.V7V7 iyw/ 

crease toward J when a; = 1. Furthermore, ^ — - = -^ — by reducing to 

a^ - 1 X -\- 1 



^1 _^ . . r,,^.._ cc-l 

L 
ing value } when a; = 1 . 



lowest terms, and — i— = 1, when « = 1. Thus, ^^ has the limit- 

a; + 1 2' x^-l 



PROPORTION, VARIATION, AND LIMITS 169 



Similariy, the fraction -^j has the limiting value — 1, when a: = 0. 

Thas the expression - may represent different numbers, and as a 
symbol taken by itself, it must be regarded as indeterminate. 

222. Meaning of oo. Opposed to quantities which tend to- 
ward zero, are quantities which grow large without bound. 
Such variables are said to have the property of becoming 
infinitely great. 

For example, if x assumes in turn all integral values, 1, 2, 3, 4, and so 
on, without end, x is said to have the property of becoming infinite. 

The symbol, oo, called infinity, is commonly used to express 
the fact that a variable has the above property, but it must not 
be regarded as a particular number nor as a limit; it is merely 
a sign of the infinitely great. 

Thus, n = 00 means ^* when n becomes infinitely great.** 

223. Meaning of iL. This means a fixed number divided by 

00 

a variable number which grows large without bound. Under 
these conditions, ^=^0. 

00 

For example, let a be represented by a line 1 ft. long, and suppose it to 
be bisected. The result is — — = 6 in. Then, suppose each division 

to be bisected again. The result is — ^ = 3 in. Bisect each division 

4 

again, and suppose the process to be continued indefinitely. The denom- 
inator becomes 32,768 when the division has been made 15 times, and 

— ^ is less than in. By taking more and more divisions, the frac- 

32,768 2730 ^ ' 

tion expressing the length of a division approaches zero as a limit. 

224. Meaning of ^. This means the quotient of two vari- 
able numbers each of which grows large without bound, and 
the expression can have no fixed value. But the quotient may 
tend to a limit as both numerator and denominator increase. 

For example, when a; = oo, -— ^^ — = §, but it has the limiting value 1 , 

■L ~r X 

as may be seen by dividing both terms by x ; thus, — - — = = — t — 

or 1, when a; = co. x 

12 
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WRITTEN EXERCISES 



What is the limiting value of each of the following when 
n = oo: 



1. i. 

X 



8. ?. 



6. 



2 + 1 



2. 3. 

X 



4. 



y 



y-2 



6. 



z-6 



^ a?(ag-|-2) (Reduce and separate into a whole number 
a^ and a fraction before substituting x = oo.) 

8. Apply the suggestion in Ex. 7 to ^(^-"^X^"^) . 

ar 

What value does each expression approach as v = : 



9. 1^ 

V 



2. 

10. 2* 

V 



U. 3«»? 



12. 



V 



v + 1 



Pind the limiting value of: 
13. I=l4as2 = 2. 



15. \ , as a; = 1. 

ar — 1 



14. ?^^as« = a 
« — 3 



16. -^ — ^ asaj=--2. 

a?+aj — 2 



GRAPHICAL WORK 

225. The relation "aj varies as y " has been expressed by the 
linear equation x=:ky, and is represented by a straight line 
(Sec. 287, p. 205, Part I). 

The relation "x varies inversely as y" has been expressed 

k 
by the equation a? = -. The graph of this equation is a curf}e. 

y 
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Suppose, for illustration, that k = 2. Then x = -. For this equation : 



The table is 



X 


y 


6 
4 
3 

2 


i 

i 

i 
1 


1 


2 


i 
-1 


4 

-2 


-2 


-1 


-3 


-J 


-4 


-i 


-5 


-* 



The graph is 




If large numerical values are given to y, x will become correspondingly 
small so that for y = oo, x == 0. Thus, the curves approach nearer and 
nearer to the 2^-axis. Similarly, when x = (X), then y = 0, and the curves 
approach nearer and nearer to the x-axis. 



WRITTEN EXERCISES 

1. Under standard conditions the volume (y) of a confined 

k 
gas varies inversely as the pressure (p). That is, v = -. This 

P 

is known as Boyle's Law. Suppose when the piston is at a in 

the figure, the volume of the 

gas in part A is 1 cu. ft., 

and the pressure at P 

5 lb. When the pressure 

10 lb. the piston moves to 6, 

and the volume of the gas B 

becomes | cu. ft. What will be the volume of the gas when 

P=201b.? 
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Taking t = 5 In tbe equation » = -, the table of v&lues Is 
P 

p=\ 1 |2|3|4 |6|e|7 |B|»|10|16|20| 

»=| 6 \li\li\ H I 1 I i I H I I i I ! I i iTl 
The grsph of tbe table Ib : 



Read from the graph the preaaiire on the piston neceasary to hold tiia 
Tolume of gM at j cu. ft ; at ^ cu ft. ; at 6 cti. ft. ; at 2 cu. ft. 
What ia tbe limiting value of o when p = io7 

Represent graphically: 

a. a! = l,orOT = l. 4. a; = -,orOT = 4. 

s y 

3. a: = -=^, oriE« = — 2. 6. Sx = — , or Zxy=M — l. 

y y 

6. The attraction or " pull " of the earth on bodies in its 
neighborhood is the cause of their weight. Tbe law of gravita- 
tion states that the weight of a given body varies inversely as 
the square of its distance from the center of the earth. This 
law may be expressed by the equation lo = — ■ 



:t tlie graph which HhowH the nature of the relation between 
%B and d as tbey vary, k may be taken to be 1. 

Fill the blanks in the table : 

d I ± n ± 5 I ± 1 I ± .26 I ± .2 I 



w I 1 i ( ) i ( ) I { ) I { ) I 
7. Plot the graph for the table in Exercise 6. 
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REVIEW 
WRITTEN EXERCISES 

1. Solve, using the principle of composition and divisioi:!, 

(a — V2 6aj-f a^): (a — 6) = (a + V2 5aj -f a?*) : (a + b). 

2. If ^^ = ^2 = ^=...=^, prove that 

bi b^ 63 b^ 

«! H- ^2 4- Os + •" + «» _.<^l 

«>l + &2 + &3+--4-&n W 

3. Given x -\- y/x : x — -y/x : : 3 Vi + 6 : 2 Vaj, to find a?. 

4. If the volume of a sphere varies as the cube of its radius, 
find the radius of a sphere whose volume equals that of the sum 
of two spheres whose radii are, respectively, 6 ft. and 3.5 ft. 

5. The number of vibrations (swings) made by two pen- 
dulums in the same time are to each other inversely as the 
square roots of their lengths. If a pendulum of length 39 in. 
makes 1 vibration per second (called a seconds pendulum), 
about how many vibrations will a pendulum 10 in. long make ? 
How long must the pendulum be to make 10 vibrations per 
second? 

6. Two towns join in building a bridge which both will use, 
and agree to share its cost, $5000, in direct proportion to their 
populations and in inverse proportion to their distances from 
the bridge. One town has a population of 5000 and is 2 mi. 
from the bridge; the other has a population of 9000 and is 
6 mi. from the bridge. What must each pay? 

3 

7. In a? 3= - what is the limiting value of x when v = 00 ? 

y 

8. In a; = Y what does x become when y = oo ? 

y 

nA OK 

a Find the limiting value of — — — as a? = — 6. 

ar + 2a; — 15 
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SUMMARY 

The following questions summarize the definitions and pro- 
cesses treated in this chapter: 

1. Define 9k proportion; define means; also extremes. 

Sees. 198, 202. 

2. What is a fourth proportional f A third proportional 9 
A mean proportional f Sees. 199-201. 

8. Define alternation ; also inversion ; composition ; divi- 
sion. Sees. 204-208. 

4. What is a continiied proportion f Sec. 209. 

5. Define and illustrate direct variation. Sec. 211. 

6. State the relation of variation to proportion. Sec. 213. 

7. Define and illustrate inverse variation. Sec. 215. 

8. State an equation expressing the law of direct variation ; 
also one expressing inverse variation. Sees. 214, 216. 

9. Define and illustrate limU. Sec. 219. 

10. Explain the meaning of the symbol -; also oo; also 
^; also ??. Sees. 221-224. 

oo 00 

11. What kind of a line is the graph of the equation express- 
ing direct variation? Of the equation expressing inverse 
variation ? Sec. 225. 



CHAPTER IX 

SERIES 

226. Series. If a sequence of numbers is determined by a 
given law, the sequence of numbers is called a series. 

227. Terms. The numbers constituting the series are called 
its terms, and are named from the left, 1st term, 2d term^ etc. 

The following are examples of series : 

1. 1,2,3,4,6,.... 7. hhhhh — 

2. 1,3,5,7,9,.... 8. 1,3,9,27,81,243,.... 

3. 1,5,9,13,17,.... 9. 2, 1, 1, :2V. .... 

4. 3, 6, 9, 12, 15, .... 10. 1, i, i, i, h h -^ 

6. 1, 1|, 2, 2|, 3, .... 11. V2, V3, V4, V5, V6, \/7, .... 
6. 2, 4, 8, 16, 32, .... 12. 100, 99, 98, 97, 96, 95, .... 

ORAL EXERCISES ^ 

1-12. State the next five terms of each series above. 

228. Wlien the law of a series is known, any term may be 
found directly. 

EXAMPLES 

1. The law of the second series in Sec. 227 is that each term is two 
more than the preceding. To get the tenth term we start from 1 and 
add 2 for each of terms. 

That is, the tenth term is 1 + 9 • 2 = 19. 

Similarly, the 12th term is 1 + 11 . 2 = 23, 
the 16th term is 1 + 14 • 2 = 29, 
the 47th term is 1 + 46 • 2 = 93, 
the nth term is 1 + (n — 1)2 = 2 n — 1. 

176 
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2. The law of the eighth series is that each term after the first is 3 
times the preceding term. To get the ninth term we start at 1 and 
multiply by 8 eight times, or by SK That is, the ninth term is 1 • 3» = 6661. 

Similarly, the 12th terra is I • S^^ = 177,147, 
the nth term is 1 . 8*-i = 3*-i. 

WRITTEN EXERCISES 

1-4. Select four of the series in Sec. 227 that can be treated 
like the first example and write the lOth^ 12th, 15th, and 47th 
terms of each. 

6-7. Select three of the series in Sec. 227 that can be treated 
like the second example and write the 8th, 10th, and nth terms 
of each. 

8. Write similarly the 7th, 11th, 20th, 47th, and nth term 
for any 6 of the above series. 

229. We shall give only two types of series, the arithmetical 
and the geometric, the laws of which are comparatively simple. 

ARITHMETICAL SERIES 

230. Arithmeticai Series. A series in which each term after 
the first is formed by adding a fixed number to the preceding 
term is called an arithmetical series or arithmetical progression. 

231. Common Difference. The fixed number is called the 
common difference, and may, of course, be negative. 

For example : 

1. 7, 15, 23, 31, 39, ••• is an arithmetical series having the common dif- 
ference 8. 

2. 16, 14}, 13, 11|, 10, ••• is an arithmetical series having the common 
difference — f . 

WRITTEN EXERCISES 

1. Select the arithmetical series in the list of Sec. 227. 
Write the nth term in each. 

2. Beginning with 2 find the 100th even number. 

3. Beginning with 1 find the 100th odd number. 
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4. Beginning with 3 find the 200th multiple of 3. 

6. A city with a population of 15,000 increased 600 persons 
per year for 10 yr. What was the population at the end of 
10 yr.? 

232. A general form for an arithmetical series is : 

Qf a-\- df a-\-2 dy a-{-3df • ••, a -f- (^ — l)c?j •••j 
where a denotes the first term, 

d denotes the common difference, and 
n denotes the number of the term. 

233. Last Term. If the last term considered is numbered n 
and denoted by Z, we have for the last of n terms the formula: 

Z = a+(n— l)d 

234. The Sum of an Arithmetical Series. The sum of n 

terms of an arithmetical series can be found readily. 

EXAMPLE 
Find the sum of the first 6 even numbers. 

L Let « = 2 + 4 + 6 + 8 + 10 4- 12. 

2. We may also write « = 12 + 10 + 8 + 6 + 4 + 2. 
8. Adding (1) and (2), 

2«=(2 + 12) + (4 + 10) + (6 + 8) + (8 + 6) + (10 + 4) + (12+2) 
= 6(2 + 12) ; for each parenthesis is the same as 2 + 12. 

4 .,, = 6(2 + 1-2) =42. 
2 

WRITTEN EXERCISES 

Pind similarly the sum of : 

1. The first 6 odd numbers. 

2. The first 6 multiples of 3. 

3. The first 6 multiples of 7. 

4. The first 4 multiples of 8. 

235. General Formula for the Stim. The general form ot 
the series may be treated in the same way. 
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If I denotes the last of n terms^ the term before it is denoted 
hj l — d, the next preceding hy l'-2d, and so on. Hence, the 
sum of n terms may be written : 

« = o+(a-hcf)+(a+2d) + ...+(i-2«f)4-(Z-d)4-^. 
And also, 8=il'^(l'-d)-h(l-2d)-\ f-(a-f-2d)4-(a+cJ) + a. 

Whence, adding, 2«s=(o + Z) + (a-f Z)-f •••+(a+Z)=n(a+Q. 
Therefore, g = ^(^"^0 . 

Or, in words. 

The 8um of any number of terms of an arUhmetical series is one 
half the stim of the first and the last terms times the number of 
terms. 

By using the value of i in Sec. 233, « = "Pq+C"-!)*^] . 

This permits the calculation of s without working out separately the 
value of I. 

WRITTEN EXERCISES 

Eor each series in the following list find : First, the sum of 
10 terms. Second, the sum of n terms. 

1. 1, 2, 3, 4, 5, .... 4. 3, 6, 9, 12, 15, .... 

2. 1, 3, 6, 7, 9, .... 6. 1, 1|, 2, 2\, 3, .... 

3. 1, 5, 9, 13, 17, .... 6. 100, 99, 98, 97, 96, 95, .... 

7. A man invests $ 100 of his earnings at the beginning of 
each year for 10 yr. at 6 %, simple interest. How much has 
he at the end of 10 yr. ? 

Solution. 

1. The last investment bears interest 1 yr. and amounts to % 106 ; the 
next to the last bears interest 2 yr. and amounts to 9112, etc.; the first 
bears interest 10 yr. and amounts to % 160. 

2. Hence, a = $ 106, d = $6, and n = 10. 

3. Therefore, Z = 106 -f '9 . 6 = 160. 

4. Therefore, » = Y (106 + 160) = 1330. 

5. The man has $ 1330. 

8. If $ 50 is invested at the beginning of each year for 20 yr. 
at 5 % simple interest, what is the amount at the end of 20 yr. ? 
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9. If a body falls approximately 16 ft. the first second and 
32 ft. farther in each succeeding second, how far does it fall 
in 5 sec. ? 

236. Collected Results. The three chief formulas of arith- 
metical series are : 

1. l = a + (n — l)d. 

2. 3 = ^(^ + . 

2 

3. ^^ n[2a + (n-l)(^] ^ 

2 

GEOMETRIC SERIES 

237. Geometric Series. A series in which each term after 
the first is formed by multiplying the preceding term by a fixed 
number is called a geometric series, or a geometric progression. 

238. Common Ratio. The fixed multiplier is called the com- 
mon ratio, and may be negative. 

For example : 

1. 2 is the common ratio in the geometric series 2, 4, 8, 16, •••. 

2. — } is the common ratio in the geometric series 27, — 9, 3, — 1, },•••. 

ORAL EXERCISES 

1. Name all the geometric series in the list. Sec. 227. 

2. State the common ratio in each of these series. 

3. State the 6th term of each of these series. 

WRITTEN EXERCISES 

1. The series 1, 3, 9, 27, 81, •••, whose ratio is 3, is the same 
as 1, 3*, 3', 3', 3*, •••. Write by use of exponents the 6th term 
of this series ; the 8th term ; the 10th ; the 15th ; the 100th. 

2. The series 3, — f, f, — |, •••, whose ratio is — ^, is the 
same as 3, 3 (- 1), 3 (- ^)«, 3 (- J)», .... Write by use of ex- 
ponents the 5th term of this series ; the 8th term ; the 10th ; 
the 25th ; the 50th. 
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239. A general form for the geometric series is : 

a, aVy ai^f ar*, •••, ar^~^ •••, 

where a denotes the first term, 

r denotes the common ratio, and 
n denotes the number of the terms. 

JMO. Last Term. If the last term is numbered n, and de- 
noted by ly then we have for the last of n terms the formula, 

I = ar^'K 

241. The Sum of a Geometric Series. The sum of n terms 
of a geometric series can readily be found. 

EXAMPLE 

Find the sum of 5 terms of the series 2, 6, 18, 54, 162. 
Solution. 

Let « = 2 + 6 + 18 + 54 + 162. (i) 

^SiSSilS'rJ^oy^* 3« = 6+ 18 + 54 + 162 + 486. (g) 

SabtnctiDg (i) from (f ), 8 « - 8 = 486 — 2, {3) 

or, 28 = 484. (4) 

DlykUiiff by 8, 8 = 242. (5) 

WRITTEN EXERCISES 

Find similarly the sum of 5 terms of each of these series : 

1. 6, 30, 160, .... 3. i, ^, s\, .-.. 

2. 7,-14,28,.... 4. i, -i,^,.... 

242. General Formula for the Sum. The general form of the 
series may be treated in the same way. If I denote the last 

of n terms, the term before it is denoted by -, the next preceding 

T 

by - , and so on. Hence, the sum of n terms may be written : 

1. 8 = a-^ar-{-ar^-\ , H \-l 

IT r 
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IT r 

3. Subtracting, s^rs^a — lr, 

4. Or, (1 — r)« = a — Ir, . 

a — lr Ir—a 
1 —r r— 1 
In words, 

The sum of any number of tei'ms of a geometric series is the 
ratio times the last term diminished by the first term and divided 
by the ratio less 1. 

By using the value of I (Sec. 240), 

_ ar»~^ .r — a _ ar* — a 
r — 1 r — 1 

Thus, 8 may be found without first computing h 

WRITTEN EXERCISES 

1. Find the sum of 6 terms of the series ^, \, \, •••. 

2. Find the sum of 10 terms of the series ^, — J, i, •••• 

3. Find the sum of 8 terms of the series 1, .25, .0625, •••• 

4. Find the sum of 12 terms of the series 27, — 9, 3, — 1, •••. 

5. An air pump exhausted the air from a cylinder containing 
1 cu. ft. at the rate of -j^ of the remaining contents per stroke. 
What part of a cubic foot of air remained in the cylinder after 
25 strokes ? 

6. The population of a town increased from 10,000 to 
14,641 in 5 yr. If the population by years was in geometric 
series, what was the rate of increase per year ? 

243. Collected Results. The three chief formulas of geo- 
metric series are : 

1. Z = a7*-\ 

Ir^a 



2. S=: 

r — 1 

3. S=: 



at^ — a 



r-1 
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Ittt 


$100 (1.05) 


2d 


9 100 (1.06)' 


Sd 


$100(1.06)* 


4th 


$ 100 (1.06)* 



WRITTEN EXERCISES 

1. $ 100 is placed on inteiest at 5 %, compounded annually. 

(1) What is the amount at the end of the first year ? 

(2) What is the principal for the second year ? 

(3) What is the amount at the end of the second year ? 

Notice that the amounts appear in 

the right-hand column of the table. 

(4) Indicate similarly the amount 
of $ 100 at the end of 5 yr. ; 10 yr. ; n 
yr. Which formula of geometric 
series expresses the amount for n yr.? 

2. Indicate the amount of $100 at 6%, compounded an- 
nually, at the end of 1 yr. ; 2 yr. ; 6 yr. ) 10 yr. ; n yr . 

3. Many savings banks pay interest at the rate of 3^, 
compounded semi-annually. 

Indicate the amount of $ 100 under the above conditions at 
the end of 6 mo. ; 1 yr. ; 18 mo. ; 2 yr. ; 10 yr. ; n yr. 

Note. The numerical value of these expressions can be computed 
readily by logarithms. 

Solve by the use of logarithms : 

4. What is the amount of $ 1 at 4 % compound interest for 
8yr.? 

5. A man deposits $ 100 in a bank paying 4 % interest, com- 
pounded annually, on the first day of each year for 5 yr. 
How much will he have on deposit at the end of 6 yr.? 

6. Determine similarly the amounts of : 





DSPOfiXT AT BSOINNINO 

or Each Tkak 


RaTK of iNTBBnT COM- 
POUKDBD AkKUALLT 


NuMBn or Tbau 


(1) 

(2) 
(8) 


$25 
10 

43.20 
39.87 


5 
6 
4 
3 


8 
15 
20 
20 
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MEANS 



2244. Means. Terms standing between two given terms of 
a series are called means. 

245. Arithmetical Mean. If three numbers are in arith- 
metical progression, the middle one is called the arithmetical 
mean between the other two. 

The arithmetical mean between a and h is found thus : 

1. Let A be the mean and d the common difference. 
Then the terms may be written A — d and A + d, 

2. Whence, A — d = a and A + d==h. 

8. Adding, 2^ = a + 6 and ^ = Hjt_5. 

2 

246. Tlie atHthmeticcU mean between two numbers is one half 
their sum. 

247. Geometric Mean. If three numbers are in geometric 
progression, the middle one is called the geometric mean be- 
tween the other two. 

The geometric mean between a and b is found thus : 

1. Let g he the geometric mean. 

2. Then 2 = ^. 

3. .•. fif* = aft and g = Voft. 

248. The geometric mean between two numbers is the square 
root of their product. There are really two geometric means, one 
negative arud one positive. 

The geometric mean between two numbers is the same as 
their mean proportional. 

ORAL EXERCISES 

State the arithmetical mean between : 

1. 8, 12. 2. 6, 3. 3. 4, - 10. 4. 6 a, 13 a. 

State the geometric mean, including signs, between : 

6. 8, 6. 6. 3, 12. 7. a, a*. 8. 2 aj», 32 a?. 
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249. Any number of means may be found by use of 
formulas already given. 

EXAMPLES 

1. Insert 5 arithmetical means between 4 and 12. 

1. In this case a = 4, Z = 12, and n = 7. 

2. .-. J = a + (n - l)d becomes 12 = 4 +C7 — l)d. 

3. Solving for d, d = i^^ = IJ. 

6 

4. Adding 1} to 4, and 1\ to that result, and so on, the means 

are found to be 6^, 6|, 8, 9^, and 10}. 

2. Insert 4 geometric means between — 27 and ^. 

1. In this case a = ^ 27, l = i, and n = 6. 

2. .•. J = at^-^ becomes J = - 27 r*. 

8. Solving for r.,* = -^=-i. 

Therefore, r=— J. 

^4. Multiplying — 27 by — |, and multiplying this result by — }, 
and so on, the means are found to be 9, — 3, 1, and -> ^. 

WRITTEN EXERCISES 

1. Insert 3 arithmetical means between 6 and 26. 

2. Insert 10 arithmetical means between — 7 and 144. 

3. Insert 3 geometric means between 2 and 32. 

4. Insert 4 geometric means between — ^ and 3^. 

OTHER FORMULAS 

250. Alitlimetical Series. By means of the formulas of 
Sec. 236, any two of the five numbers a, n, I, d, 8, can be found 
when the other three are given. 

EXAMPLES 

1. Given n = 6, « = 18, Z = 8, find a, d. 

1. For these values, formulas (1) and (2) become : 

8 = a+(6~l)d, 
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2. We have thus two equations to determine and two num- 

bers, a, d. 
From the second equation, o =— 2. 

3. Using this value in the first equation, d = 2. 

2. Given a = 4, 1 = 12, s = 66, find n and d. 

1. For these values formulas (I) and (2) become : 

12 = 4+(n-l)d 
5e^ n(4+12) ^ 
2 

2. .'. from the second equation, n = 7. 

3. Substituting in the first, 12 = 4 + 6 d, 

4. therefore d = ^. 

3. Given n = 12, « = 30, 1= 10, find a, d. 

1. Formulas (1) and (3) become : 

10 = o + 11 d. 

30=i2i?.«+ll^=12a + 66(l. 

2. Solving these equations for a and d : 

a = — 5, and d = If. 

The same results would be found by using formulas (1) and (2), since 
(3) is only another form of (2). 

251. The same problems can also be solved generally; that 
is,. without specifying numerical values. 

EXAMPLE 

Regarding n, s, d as known, find a, Z. 

1. From (1), Sec. 236, l-a-{n- 1)(J. 

2« 



2. From (2), Sec. 236, a + i = 



n 

2« 



3. Adding (1) and (2), 2 Z = (» - \)d + 

n 

Or, z = C!L=J^ + l. 

2 n 

4. Substituting in (2) above, a = ~ - [iw^ill^ + II 

w L 2 nj 

_s _ (yi— l)cZ 

~/i 2 

13 
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WRITTEN EXERCISES 
67 use of the formulas in Sec. 236, find the following: 





FlVD 


bl TSKMS OF 


Result 


1. 

2. 


I 
I 


adn 
ad8 


l = a-\-{n-\)d 


2 = l[-rf±V8d«-f(2a-d)2] 


3. 


I 


an8 


n 


4. 

6. 


I 


dn8 


7_« , Cn-l)d 
n 2 


8 


adn 


« = ln[2a-H(n-l)d] 


6. 


» 


adl 


2 2d 


7. 


a 


anl 


. = |(a + 


8. 
9. 


8 


dnl 


« = in[2 2-(n-l)d] 


a 


dnl 


a = Z-(n-l)d 


10. 
11. 


a 
a 


dn8 
dl8 


n 2 


o-l[d±V(2Z + (l)2-8d»] 


12. 
13. 


a 


nl8 


= — — « 
n 


d 


anl 


n — 1 


14. 


d 


an8 


n(n-l) 


15. 


d 


al8 


2»— I-a 


16. 

17. 
18. 


d 


nl8 


,_2(nJ-«) 
n(»-l) 


n 
n 


adl 
ad8 


a 


^ _ d - 2 a ± V(2 a - d)a H- 8 d8 


2(i 


19. 
20. 


n 


al8 
dl8 


l + a 


2Z + (f±V(2Z + d)2-8(i« 
2J 



Note, a, Z, d, » may have any values, but n must be a positive integer. 
Hence, not all solutions of equations 18, 20, represent possible series. 
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252. Geometric Series. By means of the formulas of Sec. 
243, any two of the five numbers a, n, I, r, 8, can be found 
when the other three are given. 

EXAMPLES 

1. Given s = 1024, r = 2, a = 2, find I 

1. For these values formula (2) becomes : 

1024 =?^^:i^ = 2(2-1). 
2-1 ^ ^ 

2. .-.2 = 618. 

2. Given r = 5, n = 5, s = 363, find a. 

1. For these values formulas (1) and (2) become : 

2 = a . 3*. 
3^_3Z-o 
2 

2. Eliminating/, 868 = ^^^^ " ^) « 

8. Therefore, 868 =i a * 242, and a = 8. 

3. Given 8 = 363, a = 3, r = 3, find n. 

1. For these values formula (3) becomes : 

868=^ •^"■■«. 
2 

2. Therefore, 8» - 1 = 242, and 8* = 248. 
8. By factoring 248, n is seen to be 6. 

Note. In finding n it may not be possible to factor as in the case of 
243 above. In this case logarithms may be applied. 

253. The same problems can be solved generally, that is, 
without specifying numerical values. 

EXAMPLE 
Express I in terms of a, n, and 8. 

1. From formula (2) r = ?-=^, or f-»-i = (* " ^)*"\ 

^ "^ 8-1' (a - Z)»-i 

2. .-. substituting in (1) I ^ «(*-«)""\ 

* ^ ^ (« - l)n-l 

8. .-. Z(a - 0-^ - a(« - o)"-^ = 0. 

This equation is of a degree higher than 2 in { when n > 3. But for n 
equal tQ pr l^a» than 8 it can be solved by methods already explained. 
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WRITTEN EXERCISES 

By use of the formulas in Sec. 243, find the results given in 
the table : 

Note. In Exercises 3, 12, and 10, only the equation connecting the 
unknown numbers with the given ones can be found : 



1. 
2. 

3. 
4. 

6. 
6. 

7. 

8. 



9. 

10. 

11. 
12. 



13. 
14. 
15. 
16. 



FlKD 



I 
I 

I 
I 



8 



a 

a 
a 



r 
r 



Ih Tekmb or 



am 
ars 

ans 
rns 



am 
arl 

aln 

ml 



ml 

rns 

rl8 
nl8 



anl 
an8 
al8 
nl8 



Result 



I = at^'^ 

l^ a + (r-'l)8 

r 
I (« - Z)«-i - a (« - a)»-i = 
y _ (r - 1) gr"-^ 
r» — 1 



« = 



8 = 



8 = 



8 = 



a(r*— 1) 

r-1 
W — o 
r-1 

Ir^-l 



r»_ri»-i 



a = 



I 



y»— 1 

r» — 1 
a = W — (r — 1) 8 



r = 



r»_ 



r = 



n-l/7 

a a 

« — a 



r» — 



8-i 

g 

8-1 



r"-i + 



«-Z 



= 
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SPECIAL SERIES 

254. Binomial Expansion. The Binomial Expansion, Chapter 
XX, Part i, is a series in which each term of (a-fft)" is produced 

from the next preceding one by multiplying by - and inserting in 

a 

the numerator and the denominator the next factor in each 
sequence. 
For example, the third term in the binomial expansion of 

(a + by is ^(^-"-^) a*-»6', and the fourth term is 
1 • 2 

n(n-l)(n--2) ^^^^ 

1.2.3 

To form the fourth term from the third, note that : 

1. a"-262 X - = a--86». 

a 

2. The numerator, n(n — l)(n— 2), of the coefficient of the fourth 
term has one more factor in the sequence of factors, which begins with 
n and decreases by 1 each time. 

3. The denominator, 1 • 2 • 8, has one more factor in the sequence of 
factors which begins with 1 and increases by 1 each time. 

4. In the expansion of (a — 6)", the even terms are negative. 

Thus, from any given term of the binomial series, all the subsequent 
terms can be written. 

WRITTEN EXERCISES 

1. The fifth term of a binomial expansion is 

n(n -l)(n-2)(n-3) ^ . , 
1.2.3.4 ^ ■ 

Write the sixth term ; also the seventh term. 

2. The sixth term of a binomial expansion ip 

n(n-l)(n~2)(n-3)(n-4) ,, , 
1.2.3.4.5 

Find the eighth terra. 

3. By Sec. 325, Part 1, 1 . 2 may be written [2, called /octona/ 
two, 1-2.3 may be written [3, called factorial three, and so on. 
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Write the denominators of the coefficients in Exercise 1 as 
factorials. Also in Exercise 2. 

4. Suppose n is 8 in Exercise 1. What do the sixth and 
seventh terms become ? Suppose n is 10 in Exercise 2, what 
does the eighth term become ? 

255. Finding the rth Term. Any term of the binomial series 
may be written at once by observing the general form of the 
terms, as explained in Sec. 254. 

Observe tJuxt : 

1. The last factor in the numerator of each coefficient is n 
minus a number two less titan the nurnber of the term. 

E.g., in the third term the last factor is n — 1 ; in the 4th it is n — 2 ; 
in the 6th, n — 3, and so on. 

2. 7%e denominator is th£ factorial of the number one less than 
the number of the term, 

E.g,, [2 in the third, [3^ in the 4th, and so on 

3. The exponent of the first term of the binomial, or a in 
(a ± b)°, is n miniLs a number one less than the number of the 
term; 

E.g., n ^ 1 in the 2d term, n — 2 in the 8d, and so on. 

4. The exponent of b is one less than the number of the term ; 
E.g., 1 in the 2d term, 2 in the 3d, and so on. 

6. Hie signs of all terms are positive in (a + b)°. In (a — b)"" 
th£ odd terms are positive, and the even terms negative* 

EXAMPLES 

1. Find the 9th term of (x — yy. 

By (1) the numerator of the coefficient is|)(p — l)(p — 2) — (p — 7). 

By (2) the denominator of the coefficient is [8. 

By (3) the exponent of a; is p — 8. 

By (4) the exponent of y is 8. 

By (6) the sign is +• 

Therefore, the 9th term of (x — y)* is 

p(p-l)(y-2)... ( p.^7) ,.8 . 
^ [8 ^ 
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2. Find the rth term of (a — 2 a)*. 



By (1) the numerator of the coefficient is n(n • 1) ••• (n — r — 2). 

By (2) the denominator of the coefficient is]_r— _1. 

By (3) the exponent ofxisn — r — 1. 

By (4) the exponent of (2 a) is r — 1. 

By (6) the sign is ±^ according as r is odd or even. 

Therefore, the rth term of (x — 2 a)* is 

^ n(w-l)...(n-r + 2) ^^r+i(2 a)^i 



WRITTEN EXERCISES 

Expand : 
1. (aj — a)*. 2. (a-^-xy. 8. (2a — x)\ 

Write without expanding the series : 

4. The 5th term of (a — 2 6y. 

5. The 7th term of (a - a?)» 

6. The middle term of (a + x)^. 

7. The two middle terms of (2 a; — y*)". 

8. The 10th term of (a + 3 a?)^. 

9. The gth term in (^ » — 2 y)\ 

10. The rth term in (a? — yy. 

11. The (r + l)8t term in (a + by. 

12. The (r - 6)th term in (a — 6)*+». 

256. Finite Series. So far we have treated only series with 
a fixed number of terms. A series which comes to an end is 
called a finite series. 

257. Infinite Series. A series whose law is such that every 
term has a term following it is called an infinite series. 

For example : 

2, 6, 8, 11, •••, 239 as here written ends with 239. But the law of the 
series would permit additional terms to be specified. In the above ex- 
ample, the next following terms would be 242, 246, etc. It is obvious 
that however many terms may have been specified, still more can be 
made by adding 8. The series is thus unending. 
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Similarly, all of the series so far considered might have been con- 
tinued by applying their corresponding laws. 

The term *' infinite ** comes from the Latin infinituSf and is here used 
with the meaning unending. 

If the coefficients of the binomial expansion be regarded as a series, 

1 n ^^"^^ nCn-l)(w->2) w(n - l)(n - 2)(n- 3) 
' ' 21 ' 31 ' 41 ' '" 

they furnish, when n is a positive integer, instances of series that come to 
an end according to the law of the series. If n = 3, the series has 4 
terms, and if n = 10, the series has 11 terms ; for the positive integer n, 
it has n + 1 terms. This is true because the factors n, n — 1, n ~ 2, and 
so on, will finally in the (n + 2)d term contain n — n or zero. There- 
fore the series has n + 1 terms. 

But if n is a negative integer or a fraction, none of the factors, n, 
n — 1, n — 2, and so on, becomes zero, and the series can always be ex- 
tended farther. That is, if n is a negative integer or any fraction, the 
series is unending or infinite. 

258. Infinite Geometric Series. The subject of infinite series 
is of great importance, but is too difficult to be taken up here. 
We shall mention simply a few properties of infinite geometric 
series whose ratio is numerically less than 1. 
The following are examples of such series : 

1. 4, 2, 1, i, J, .... 
2' 3, {, ^, yJ3, .... 
8. .5, .05, .005, .0005, ..*. 

*• ^1 "~ i» i» "" h A» "" A» •••• 
State the ratio and the next three terms of each series. 

I. The terms become numerically smaller and smaller, Ea<^ 
term is numerically smaller than the one preceding it, for it is 
a fractional part of it. 

II. The terms become numerically small at will. That is, 
however small a number may be selected, there are terms in 
the series smaller than it, and when r is numerically less than 
1, the term a?*"~^ may be made numerically small at will, by 
taking n sufficiently large. 

This seems obvious from the consideration of the series given above as 
examples. It is not difficult to prolong these series until their terms are less 
than jj^ say, or j^, and from this it seems plausible to think that the 
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terms would become less than one millionth, or one billionth, or any other 
number, if a sufficient number of terms are taken. As a matter of fact 
this is true, but the proof is too difficult to be given here. 

III. We have proved that, if s„ denote the sum of the first 
n terms of a geometric series, 

a — ar^ 
1 — r 

This may be written : s. = --^ ar'^'M --^ — ). 

1 — r \1 — ry 

By taking n sufficiently large, the product of ar^'^ and the 

A* 

fixed number can be made as small as desired. As more 

1 — r 

and more terms of the series are added, the sum differs less 

and less from ; and if sufficient terms are taken, the sum 

a 
comes and remains as close as we please to . 

a 
The number is called the limit of the sum of n 

1 — r 

terms, as n is increased without bound. Denoting this limit 

by s, we have : 

a 



s = 



1-r 



The number s is not the sum of all the terms of the series, for since the 
terms of the series never come to an end, the operation of adding them 
cannot be completed. 

According to Sec. 258, 

8 = ^ ^ when n = 00. 
1 — r 

For example : 
When a = 4, and r = - , then the limit of s = — i— = 8. 

To test this, we form successive values of s^. 

Si = 4. 
82 = S. 

«8 = 7. 

«4 = n. 

8b = 7}. 
«e = 7f . 
It appears that the values of s^ approximate more and more closely to 
8 as n is increased. 
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WRITTEN EXERCISES 

Find the limit of the sum of the series : 

I. l + i + i + — . 3. 6 + 1+1 + ^.... 

5. Test the results of the preceding exercises by finding 
successive values of «.. 

6. In an infinite geometric series s = 2 and r = ^; find a. 

7. Find the fraction which is the limit of .^33333 •••^ or 
^H-. 03 + .003+.... 

8. Find the limit of .23232323 ... or .23 +.0023 +.000023+.-.. 

9. Triangles are drawn in a 

rectangle of dimensions indi- 

"b E c cated, B being the midpoint of 

^ ^^ "^- *" AG, D that of BC, E that of 

DCj and so on. What limit does the sum of the areas of the 
triangles approach as more and more triangles are taken ? 

10. Find the sum of 16 terms of the series, 

27, 22^, 18, 13^, .... 

II. Find the sum of 18 terms of the series, 

36,12,4,1,.... 

12. The difference between two numbers is 48. Their arith- 
metical mean exceeds their geometric mean by 18. Find the 
numbers. 

13. Express as a geometric series the decimal fraction. 

.0373737 .... 

What is its limiting value? 

14. Find the limiting value of each of these series : 
(a) .363535.... (e) 3.605605.... 
(6) .125666.... (/) 6.00888.... 

(c) .032424.... ig) 9.161010.... 

(d) .126125.... {h) 6.043838.... 
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16. If , TT— , , are in arithmetical progression. 

b — a 2b b — c 

show that a, b, c are in geometric progression. 



SuooEBTiON. The supposition means that 

1111 



b-a 2b 2b &-c 
This reduces tob^ = ac. 

16. Find the amount in n years of P dollars at r per cent 
per annum, interest being compounded annually. 

17. During a truce, a certain army A loses by sickness 14 
men the first day, 16 the second, 16 the third, and so on; 
while the opposing army B loses 12 men every day. At the 
end of fifty days the armies are found to be of equal size. 
Find the difference between the two armies at the beginning of 
the truce. 

18. A strip of carpet one half inch thick and 29^ feet long 
is rolled on a roller four inches in diameter. Find how many 
turns there will be, remembering that each turn increases the 
diameter by one inch, and taking as the length of a circumfer- 
ence ^ times the diameter. 

19. Insert between 1 and 21 the arithmetic means such that 
the sum of the last three terms of the series is 48. 

20. If - = -, prove that ab + cd is a mean proportional be- 

b d 

tween a^ + c^ and b^ + d*. 

21. The sum of the first ten terms of a geometric series is 
244 times the sum of the first five terms ; and the sum of the 
fourth and sixth terms is 135. Find the first term and the 
common ratio. 

REVIEW 

WRITTEN EXERCISES 

1. Find the 47th multiple of 7. 

2. Find the sum of the first 12 multiples of 4» 
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Find the 20th term^ and the sum of 12 terms of each series : 

3. 6,9,^-,i?jL, ..-. 

4. 8, 11, 14, 17, .... 

6. a + 6, a — 6, a — 3 6, a — 5 6. 

Find the eighth term, and the sum of 8 terms : 

7. 1, 4, 16, .... 10. 1, -2, 2«, - 2», .... 

8. 3,6,12,.... 11. I,!,^!^, .... 

9. 2, -4, 8, -16, .... 12. 100, -40, 16, .... 

Find the twelfth term, and the sum of 12 terms : 

13. 2,4,6,.... 16. 1,^,^,.... 

14. -6,-3,-1,.... 17. 4,-3,-10,.-.. 

15. l,f,f, .... 18. \, -I, -V. .... 

19. Find three numbers whose common difference is 1 and 
such that the product of the second and third exceeds that of 
the first and second by \, 

20. The first term of an arithmetical series is w' — n — 1, 
the common difference is 2. Find the sum of n terms. 

21. In some countries of Europe the hours of the day are 
numbered on the clockface from 1 to 24. How many strokes 
would a clock make per day in striking these hours ? 

22. How many strokes does a common clock striking the 
hours make in a day ? 

23. A man leases a business block for 20 years under the 
condition that, owing to estimated increase in the value of the 
property, the rental is to be increased $50 each year. He 
pays altogether $19,500. What was the rental of the first 
year ? The last ? 

24. A railroad car starting from rest began to run down an 
inclined plane. It is known that in such motion the distances 
passed over in successive seconds are in arithmetical progres- 
sion. It was observed that at the end of 10 sec. the car had 
passed over 570 ft. and at the end of 20 sec. 2340 ft. from the 
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starting point. How far did it run the first second? How 
far from the starting point was it at the end of 15 sec. ? 

25. It is known that if a body falls freely, the spaces passed 
over in successive seconds are in arithmetical progression, and 
that it falls approximately 16 ft. in the first second and 48 ft. 
in the next second. To determine the height of a tower, a ball 
was 'dropped from the top and observed to strike the ground 
in 4 sec. Find the height of the tower. 

26. An employee receives a certain annual salary, and in 
each succeeding year he receives $72 more than the year 
before. At the end of the tenth year he had received all to- 
gether $10,440. What was his salary the first year? The 
last? 

27. The 14th term of an arithmetical series is 72, the fifth 
term is 27. Find the common difference and the first term. 

28. A man is credited $100 annually on the books of a 
building society as follows : At the beginning of the first year 
he pays in $ 100 cash. At the beginning of the second year 
he is credited with $ 6 interest on the amount already to his 
credit; and he is required to pay $94 in cash, making his 
total credit $ 200. At the beginning of the third year he is 
credited with $ 12 interest, and pays $ 88 in cash, and so on. 
How much is his payment at the beginning of the tenth 
year? What is his credit then? How much cash has he 
paid in all? 

29. At each stroke an air pump exhausts f of the air in the 
receiver. What part of the original air remains in the receiver 
after the 8th stroke ? 

30. At the close of each business year, a certain manufac- 
turer deducts 10 % from the amount at which his machinery 
was valued at the beginning of the year. If his machinery 
cost $10,000, at what did he value it at the end of the fourth 
year? 

31. In Exercise 30, by use of logarithms, find its valuation 
at the end of the 20th year. 
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32. Show that the terms of a geometric progression form a 
continued proportion, by applying Sec. 209 to the series a, ar, 
at*, a/^, ar^y •••. 

33. We have shown in Sec. 258 that —^—~ is the limit of 

1 — r 

the sum of the terms of a geometric progression whose first 
term is a and whose common ratio is 7*. Find the terms of 
this series by dividing the numerator of the above fraction by 
its denominator. 

34. What kind of a series do the reciprocals of the numbers 
2, 3, and 6 form ? 

36. Find the arithmetical mean between — and -. 

a 

36. Find the sum of each of the following infinite series : 

(1) 3 + i + TV + --- 

(2) l + | + ^ + ^ + -. 

(3) i + i + M + -. 

37. Find the sum of 10 terms of each series in Exercise 36. 

38. Write the rth term of the binomial expansion ; also the 
(r + l)8t term. Find the ratio of the rth term to the (r + l)st 
term, and simplify the result. 

39. Write the term which contains a^® in the expansion of 

SUMMARY 

The following questions summarize the definitions and proc- 
esses treated in this chapter : 

1. When is a group of numbers called a series? Sec. 226. 

2. What is meant by the terms of a series ? Sec. 227. 

3. Define and illustrate an arithmetical series, or progression. 

Sec. 230. 

4. Define common difference. Sec. 231. 
6. Define and illustrate a geometric progression. Sec. 237. 

6. Define common ratio. Sec. 238. 

7. DQ^e arithmetical m,ean ; geometric mean. Sees. 245-248. 
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8. State the formula for the last term or general term of an 
arithmetical progression ; also of a geometric progression. 

Sees. 233, 240. 

9. State the formula for the sum of n terms of an arithmet- 
ical progression ; also of a geometric progression. Sees. 234, 241. 

10. State a formula to find n in terms of a, I, and s in an 
arithmetical progression. Sec. 261. 

11. State a formula to find d in terms of a, w, and Z in an 
arithmetical progression. Sec. 251. 

12. State a formula to find a in terms of n, I, and s in an 
arithmetic progression. Sec. 261. 

13. State a formula to determine a in terms of r, n, and I in 
a geometric progression. Sec. 263. 

14. State a formula to determine r in terms of a, I, and sin 
a geometrical progression. Sec. 263. 

16. State the general form of the rth term of the binomial 
expansion (a ± 6)^ Sec. 265. 

16. Define and illustrate an infinite series. Sec. 267. 

17. State the expression for the limit of s in an infinite 
geometric series. Sec. 268, III. 

HISTORICAL NOTS 

The existence of sets of successive nambers, each term of which 
depends, in a definite way, upon its predecessors for its value, called a 
progression, or series of numbers, was discovered by the early mathema- 
ticians. One of the two Babylonian tablets still in existence gives in 
cuneiform symbols the squares of the integers from 1 to 60, namely, 1, 4, 

9, 16, 25, and so on. The other tablet gives the following numbers: 6, 

10, 20, 40, 80, 96, 112, and so on, the first five of which form a geometric 
progression and the rest an arithmetical series. These numbers were 
used to represent the illuminated portions of the moon^s disk from day to 
day, from new moon to full moon. Thus, taking the whole as 240 parts, 
the visible portion of the moon for the first day would be il^, or ^ of 
the whole disk. 

The terms of a geometric series with an integral ratio increase at a 
Tery rapid rate, and the earlier mathematicians seem to have taken much 
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interest in the framing of problems intended to exemplify this. Sixteenth- 
century writers of arithmetic collected many of these problems, of which 
the following are typical : 

A peasant agreed with a blacksmith to pay him for shoeing his horse 
at the rate of one cent for the first nail, two cents for the second, four 
cents for the third, and so on, in geometric progression. There being 8 
nails in each of the four shoes, how much was the peasant to pay the 
blacksmith ? 

Required the number of kernels of wheat needed in order to place one 
kernel on the first square of the chessboard, two on the second, four on 
the third, and so on, for the sixty-four squares. This later problem was 
given by Masudi, in Meadows of Oold (950 a.d.). 

The process of summing arithmetical and geometric series (Sees. 235, 
242), and the methods for finding any required term, were known to the 
Hindoos and appear in the works of Bhaskara. But these were trifling 
beginnings compared with the part played by the almost unlimited variety 
of series used in modem mathematics. The proof of the binomial expan- 
sion by Newton, the ability to express logarithms by series, accomplished 
by Mercator (1G68), and the study of other systems of infinite series has 
opened yast new fields of mathematics. 



CHAPTER X 

GEOMETRIC PROBLEMS FOR ALGEBRAIC SOLUTION 

The problems in the following list may be used as supple- 
mentary work for pupils that have studied plane geometry. 
In the body of the Algebra numerous problems have been 
given applying geometric facts which the pupil has learned in 
the study of mensuration in arithmetic. In the following list 
the problems contain the application of other relations and 
theorems of geometry, and typical solutions have been inserted 
to suggest to the pupil the method of attack. 



LINEAR EQUATIONS. ONE UNKNOWN 

1. In a given triangle one angle is twice another, and the 
third angle is 24^. Find the unknown angles. 

Solution. Let z be one of the unknown angles, 

then 2 X is the other. (i) 

Because the sum of the angles of a triangle = 180°, 

a; + 2 X + 24** = 180^ (f ) 

Solving equation (2) 

« = 62*»and2x = lW^ (5) 

The angles of the triangle are 52'', 104'', 24^ 

2. In a certain triangle one angle is three times another, 
and the third angle is 36°. Find the unknown angles. 

3. In a given right-angled triangle one acute angle is | the 
other. Find the angles.' 

4. In a certain isosceles triangle the angle opposite to the 
base is 18°. Find the angles at the base. 

6. The three angles A, By and C of a given triangle are in 
the ratio of 2, 3, and 5. Find the angles. 
14 201 
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6* Oiven an angle A such that a point B situated on one 
side 11 in. from the vertex is 8 in. distant from the other side. 

Find a point G on the same side as B, and 
equidistant from B and the other side of the 
angle. 

Solution. Let A be the given angle, then the 
figure represents the conditions of the problem. 
From the similar triangles A CE And ABD, we have 

AC^AB 
CE BD' 

11 -« 11 
or, 




F 


X 8 


\^/ 


From (1), 


88-8» = ll». 


(«) 


Then, 


88 = 10 X and x = |}. 


iS) 



The disUnce CB is f ( in., or 4^. 

7. Solve problem 6, if the point 5 is 9 in. from A and 6 in. 
from side AD. 

8. Solve problem 6, if the point 5 is a in, from the vertex 
of the angle and h in. from the other side of the angle. 

9. Two points A and B are 8 in. apart. Parallels are 
drawn through A and B ; on these parallels the points A^ and 
N are located on the same side of the straight line through AB 
and at distances 6 in. and 5 in. from A and 5, respectively. 
Determine the point where the line AS cuts the line AB, 




Solution. Let C be the desired point and let BC 
Then, by similar triangles, 

BG ^AC 
BB' AA!' 



= x. 



or, 



x_ x +8 
6" 6 
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Hence, 6 x = 5 x + 40. (5) 

and a; = 40. I/) 

The point is 40 in. f rom ^. 

10. Solve the same problem if A* and B' lie on opposite 
sides of AB, 

11. Solve the same problem if the distance AB is d, and 
the points A'y B* lie on the same side of ABy and at distances 
a and 6 from A and 5, respectively, with a > 6. 

12. Solve the preceding problem if the points A^ and B^ lie 
on opposite sides of AB. 

13. The three sides of a triangle are 11, 9, 12. A perpen- 
dicular is dropped on the side of length 11 from the opposite 
vertex. Find the lengths of the segments into which the foot 
of the perpendicular divides that side. 




Solution. Using the notations of the figure, 

and ^2 = ga . (11 _ a.)a. (^^j 

From (i) and (^), 122 - x^ = 92 - (n _ a;)2. (5) 

Rearranging (5), 12^- 9^ + II2 =22a;. (;) 

Solving (4), X = }}. (5) 

The other segment is 11 — x, or \\. (tf) 
The segments are f} and ff . 

14. Solve the preceding problem if the sides are 4, 7, 9, and 
the perpendicular is dropped on the side of length 7. 

15. Solve the same problem if the sides of the triangle are 
Oi by c, and the perpendicular is dropped on the side of length a. 
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16. The lower base of a trapezoid is 12^ the upper base is 10, 

and the altitude is 4. Determine the alti- 
tude of the triangle formed by the upper 
base and the prolongation of the two non- 
parallel sides until they meet. 

Solution. Using the notations of the figure, 




or 



or 



EF DC 
EQ AB' 


(0 


X 10 


(^) 


«+4 12 




Hence, 12x-10x + 40, 


w 


aj = 20. 


w 


The altitude is 20. 





17. Solve the same problem if the lower base is a, the upper 
base b, and the altitude h. 



LINEAR EQUATIONS. TWO UNKNOWNS 

18. A rectangle 5 in. longer than it is wide is inscribed in a 
triangle of base 12 in. and altitude 9 in., the longer side rest- 
ing on the base of the triangle. Find the dimensions of the 
rectangle. 

Solution Let z denote the longer side and y the shorter. 

Then, z >- y = 6. (i) 




or 



In the similar triangles ABC and AED, 

AF^ED 
AG BC' 

9 12 



W 
(« 
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From (5), 108 - 12 y = 9 x. 

From (i) and (-#), 108 - 12 y = 9(y + 6), 
or 21 y = 68. 

y = 8. 
From (7) and (i), a; = 8. 

The dimensionB of the roctangle aro 8 in. and 8 in. 



(4) 
(7) 



19. Solve the preceding problem if the shorter side rests on 
the base of length 12 in. 

20. Solve Problem 18 if the difference of the sides is d, the 
length of the base of the triangle is a, the altitude is h, and 
the longer side of the rectangle rests on the base of the triangle. 

21. Solve the preceding problem if the shorter side of the 
rectangle rests on the given base of the triangle. 

22. A rectangle similar to a rec- 
tangle whose sides are 5 and 8 is 
inscribed in a triangle of base 32 
and altitude 20. The longer side 
of the rectangle rests on the given 
base of the triangle. Find the di- 
mensions of the rectangle. 

Solution. Let x and y denote the sides of the inscribed rectangle. 
Then from the similar triangles EDO and ABC^ 




or 



or 







DE GF 






AB CQ" 






X _ 20 - y 
32 20 


From the similarity 


of the 


roctangles, 


From C5), 
From (f), 




X 8 

y 6* 

20a; = 640-82y. 


From {4) and (5), 




82y=640-. 82 y, 
64y = 640. 


From {8) and (^), 




y = 10. 
a; = 16. 



(*) 
(5) 

(e) 

(7) 
(9) 

23. Solve the preceding problem if the shorter side of the 
rectangle rests on the given side of the triangle. 
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24. Solve the same problem if the given side of the triangle 
is of length a, and the altitude on it is of length h, and the 
given rectangle has dimensions I and m, provided the inscribed 
rectangle has its side corresponding to the side I of the given 
rectangle resting on the given base of the triangle. 

26. The bisector of an angle of a given triangle divides the 
side opposite to the anglp into two segments of lengths 4 in. 
and 7 in. The difference between the other two sides of the 
triangle is 5 in. Find the perimeter of the triangle. 




SoLUTioK. Let ABC be the given triangle, AD the bisector of an^e 
A^ and x and y the required sides. 

Then, sc — y = 5, given in the problem, (1) 

and - = -, by geometry the bisector divides the opposite side into seg- 

V 4 
ments proportional to the adjacent sides. (JS) 

4 OS = 7 y, from (JS) . (JS) 

7 y — 4 y = 20, from (5) and 4 times (2). {4) 

Then, y = 6}, solving (4). (5) 

Then, « = 11}, from (5) and (1). (tf) 

The perimeter is 11 in. + 6} in. + 11} in. = 29} in. 

26. Solve the preceding problem, if the segments of the base 
are I and m and the difference between the sides is d. Also, if 
the segments of the base are p and q and the difference between 
the sides is r. 

27. The sides of a triangle are 8 ft., 12 ft., and 15 ft., and 
the angle between the sides 8 and 12 is bisected by a line cut- 
ting the side 15. What is the length of each segment of the 
line 15 ? 
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LINEAR EQUATIONS. THREE UNKNOWNS 

28. The points A, B, and G are situated so that AB = 8 in., 
JB0=6 in., AC =6 in. Find the 
radii of three circles having the 
three points as centers and each 
tangent to the other two externally. 

SoLUTiO!7. Let x, y^ ^, be the radii of 
the three circles as indicated in the figure. 

Then, x + y = 8, (i) B* 

a; + ar = 5, {2) 

y + « = 6. (S) 




Adding (i), (j^), and (^), and dividing the result by 2, 

aj + y + « = i^. 
From (5) and (^), x = J. 

From {S) and (-#), y = j. 

From (i) and (-#), « = J. 

The radii are 3} in., 4} in., and 1} in. 



(4) 
(7) 



29. Solve the same problem if AB = 12, 50=16, and 
AC =20. 

30. Solve Problem 28, if B(7= a, AC=b, AB = c. 

31. A triangle ABC is circumscribed 
about a circle and its sides are tangent at 
points Ef Dy F, The sides of the triangle 
are a = 8 in., b = 15 in., and c = 12 in. Find 
the segments into which points E, D, F 
divides the sides. 

Solution. The tangents from an external point 
are equal, hence in the figure, 

« + y = 8, (i) 

a; -f « = 15, {2) 

y + z = 12, (S) 

« - y = 3. (4) 

2ic = ll (5) 
.•. 2 = 5}. 




Subtracting (3) from (2), 
Adding (1) and (4) 



From (1) and (2) y = 2} and ^ = 9}. 



208 



A HIGH SCHOOL ALGEBRA 



82. Solve the same problem, if as 24 ft., 6 =3 10 ft., and 
c»24ft 
Also, if a = 30 yd., 6 « 40 yd, c = 60 yd. 

33. A man owned a triangular, unfenoed field of sides 

600 yd., 700 yd., and 800 yd. He 
sold a triangular piece cut off by a 
straight line parallel to the side of 
length 800 yd. and found that 1800 
running yards of fence would be re- 
quired to inclose what remained. 
^ Find the lengths of the sides of the 
Mt portion sold. 

Solution. Using the notations of the figure, 

^CAB+BE-^ED + DA) + iEC-{- CD + DE). 

2100 + 2 x = 1800 + (x + y + «)• 

CD__DE 
CA AB' 

CE DE 




Hence, 
Bat 



and 



or 



and 



Hence, 



From (7) and (^), jc + y + « = 



CB AB' 

y _ X 
700 800* 

z _ X 
600 800* 

7x 

3a; 

— ^ . 

4 
21a; 

■ ■■■■ • 

8 



z = 



From (P) and (f ), 2100 + 2 a; = 1800 + 



21a; 
8 



Hence, 



^=300. 
8 

2=: 480. 

y=420. 
s = 860. 



(J) 
(«) 

(») 
(i») 



Prom (li) and (7), y = 420. (IS) 

From (7«) and (8), s = 860. (XQ 

The lengths of the sides aie: Z>JP = 480 yd., J?<7 = 8e0 yd^ and 
CD = 420 yd. 
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34. Solve Problem 33 if the division line runs parallel to 
the side of length 700 yd. 

35. Solve Problem 33 if the division, line runs parallel to 
the side of length 600 yd. 

36. Solve Problem 33 if the sides are a, 6, c, with the divi- 
sion line parallel to a, aud the required length of fence, 2 p. 

37. It is known that the sum of the three angles of any 
triangle is 180°. In a certain triangle the difference between 
the first angle and the second is 10°, and between the second 
angle and the third is 25°. Find the number of degrees in each 
angle. 

38. The sum of the dimensions of a rectangular box is 
13^ ft. ; the height equals one half the sum of the length and 
breadth and also equals twice their difference. Find the 
dimensions. 



QUADRATIC EQUATIONS 

39. The sides of a triangle are AC= 7, BO 
Calculate the length of the altitude 
on the side 10, and of the two seg- 
ments into which the altitude divides 
that side. 

Solution. Using the notations of the 
figure, 






A« = 72 - x\ 


(1) 


and 


A2 = 92 - (10 - a:)*. 


(g) 


Then, 


7s - «« = 9" - (10 - a;)2, 


(S) 


or 


73 = 92 - 100 + 20 «, 


(4) 


Then, 


68 = 20 a, 


(.S) 


and 


* = V-; 


(6) 


also, 


10 - « = V- 


(7) 


By (1), 


V72 • 6^ - 17» 6V26. 


(«) 



17 



33 



The segments are — and — and the altitude is 

6 6 



5 
6V26. 
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40. Calculate similarly the length of the altitude on the 
side of length 7, and of the segments into which the altitude 
divides that side. 

41. Calculate similarly the length of the altitude on the 
side of length 9, and of the segments into which the altitude 
divides that side. 

42. If the lengths of the sides of a triangle are a, b, c, calcu- 
late the lengths of the segments into which each side is divided 
by the altitude on that side. 

43. In a circle of radius 10, a 
chord is drawn at distance 6 from 
the center. Find the radius of a 
circle that is tangent to the circle, 
to the chord, and to a diameter 
perpendicular to it. 

Solution. Using the notations of the figure : 




EC" = SF* + ifO . 


(i) 


(10 -a: )» = a!» + (6 + «)«. 


(S) 


100 - 20 a; + «> = x» + 86 + 12 X + x^. 


W 


a^ + 32x-64 = 0. 


(4) 


32± y/S2^ + 4-M 
*~ 2 


(5) 


32 ± 16 V4 + 1 
2 


(6) 


= - 16 ± 8 V5. 


(7) 



The negative value of x being iuadmissihle under the geometric condi- 
tions, we have : 

a = - 16 + 8 V6. (S) 

44. Solve the same problem, if the radius of the given circle 
is 12 ft. and the chord is 4 ft. from the center. 

46. Solve Problem 43, if the radius of the given circle is 
r and the chord is at d distance from the center. 
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46. A point P is selected on a diameter of a circle of radius 
6, at the distance 1 from the 
center. At P a perpendicular 
is erected to the diameter in 
question, and a tangent is 
drawn to the circle such that 
the point of contact of the 
tangent bisects the segment of 
the tangent lying between the 
perpendicular and the diame- 
ter produced. Eind the dis- 
tance from the center to the 
point where the tangent cuts 
the diameter produced. 

Solution. Let CE = x. 

Then in the right triangle CDE, 




From the similar triangle DCE and DQE^ 

DE GE 

or 

Since 2> bisects FE, 



or 





CE 


DE' 




DE^ = 


CE'GE 






X'GE. 


f, 


GE = 


PE 

■ 

2 


• 




x^l 
2 • 


1(7), 


x(x-^l) _ 
2 


a;a-62, 




X^-X=: 


2a;2«72. 


.-. a;« 


+ a; - 72 = 
X = 


0. 




1 ± VI + 288 
2 



= - 9, 8. 



W 



(*) 



(5) 
(«) 

(7) 

(«) 

(.9) 
{10) 

(.11) 
ill) 



The negative root also indicates a solution. It means that a second 
tangent satisfying the required conditions cuts the diameter produced on 
the opposite side from P, at the distance 9. 
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47. Solye the same problem if the radius is 12 and the 
point lies at the distance 2 from the center. 

48. Solve the same problem if the radius is 15, and the dis- 
tance of P from the center is 35. 

49. Solve the same problem if the radius is r and the dis- 
tance from the center is d. 

60. The tangent to a circle is a mean proportional between 
the segments of the secant from the same point. Find the 
length of the tangent, if the segments of the secant are 4 ft. 
and 9 ft 

51. Two chords AB and CD intersect at within the circle. 
The product of OA and OB equals the product of OC and OD, 
Given OA = 4, OJB = 8, and CD = 12, find OG and OD. 

62. 4 times the square of the altitude (h) of an equilateral 

triangle equals 3 times the square of a side 8. 
Express this by an equation. Solve the equa- 
tion for 8. Also for h in terms of 8, 

63. Find the altitude of an equilateral tri- 
angle whose side is 20 in., using 1.7321 as V3. 

64. Find the side of an equilateral triangle, if A = 9 V3 in. 

66. The square on the hypotenuse of a right-angled triangle 
is equal to the sum of the squares on the other 
two sides. Express this relation in the form 
of an equation, using the letters in the figure. 

56. Find the length of the hypotenuse of a right triangle 
the other two sides of which are 3 ft. and 4 ft. Also of one 
whose other two sides are 15 ft. and 20 ft. 

67. Solve the equation (^ = a^-\- 6* for a ; for 6. 

68. Find h in Exercise 57, if c = 25 and a = 15. 

Similarly, determine the numbers to fill the blanks. To 
simplify calculation use the relation c* — a* = (c — d){c -f- a) : 

69. 60. 61. 62. 63. 64. 66. 

a. 15 7 40 45 208 44 

h. — 24 — — 171 -;- 117 

c. 17 — 41 53 221 233 — 
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SIMULTANEOUS QUADRATICS 

66. The owner of a triangular lot whose sides are 70, 88, 
and 140 rd. in length wishes to divide it by a straight fence 
into two pai'ts that shall be 
equal in area and also have the 
same perimeter. If the fence 
connects the sides of length 70 
and 140 rd., how must it be 
placed ? 

SoLCTioN. Let DE be the desired 
position of the fence. 

Then, A ABC = 2 A DBE. (J) 

Since the triangles have one angle in common, 

A ABC 70 . 140 




A DBE xy 



W 



or,by(l), 2 = I^li^, iS) 

xy 

or scy = 35 . 140, (4) 
By the conditions of the problem, 

BD^ BE + DE = DA -\- AG + CE + ED. (5) 

Subtracting DE from both members and replacing the other lines by 

their values, 

a; -f y = 70 - y + 140 - a; + 88, (6) 

2(a; + y) = 298, (7) 

x + y= 149. (8) 

From (4), 4 xy = 4 . 36 • 140 = 140». (P) 

Squaring (8) and subtracting (0) from the result, 

(x - y)2 = iiff' - 14(? (i(?) 

= (149 + 140) (149 - 140) (11) 

= 289 . 9. (i^) 

Then, a — y = ± 17 -3 =± 61. (IS) 

From (8) and (13), x = 100, 49. {U) 

y = 49, 100. (16) 

These values satisfy the algebraic equations, but in the concrete prob- 
lem y = 100 is inadmissible, since y lies on the side of length 70. Hence, 
in the concrete problem, the result is x = 100, y = 49. 

67. Solve the same problem if the fence connects the sides 
of length 70 and 88. 
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68. Solve the same problem if the fence connects the sides 
of length 88 and 140. 

69. Solve the same problem if the sides are of length a, &, 
c, and the fence connects the sides of lengths a 
and c 

70. Find the sides of a right-angled triangle, 
given its area 25, and its perimeter 30. 

SoLUTioK. Let X, y, z denote the sides of the triangle, 
z being the hypotenuse. 

ac« + y« = a*, 
X + y + « = 80, 




Then, 



and 



3^ = 26. 
2 



Multiplying both members of (3) by 4, 

2xif= 100. 

Adding (4) and (1), x« + 2«y + y^ = «» + 100, 
or (X + yy = «a + 100. 

From (2), x + y = 30 — «, 

or (x + y)^=(30'-2?)a. 

From (8) and (6), (30 - zY ^z^ + 100. 

900-60« + «* = «^+100. 
60 2; = 800. 

« = ¥• 

X + y = V. 

or aJ» + 2xy + y» = ^J>-tt. 

Multiplying (4) by 2 and subtracting the result from (14), 

x«-2xy + y2 = ijii, 

IOV7 



From (7), 



or 



x-y = ± 



3 



Adding (13) and (16) and dividing the result by 2, 

^ 25 j:6V7 
x = — ^ 

Subtracting (16) from (13) and dividing the resalt by 2, 

25T6V7 



y = 



3 



(1) 

(5) 



(4) 

(5) 

(e) 

(7) 

W 

(9) 

(W) 

(13) 

(«) 

(15) 
(iS) 



(i7) 



(M) 



The Bide, are ^V^. ^iziiv? ..^^ ^. 

3 3 o 

71. Solve the same problem if the area of the triangle is 64, 
and the perimeter 48. 
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